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Abstract. The Kashiwara-Vergne (KV) conjecture is a property of the Campbell- 
Hausdorff series put forward in 1978, in [13]. It has been settled in the positive 
by E. Meinrenken and the first author in 2006, in [2] . In this paper, we study 
the uniqueness issue for the KV problem. To this end, we introduce a family of 
infinite dimensional groups KVn, and an extension KV2 of the group KV2. We 
show that the group KV2 contains the Grothendieck-Teichmiiller group GRT 
as a subgroup, and that it acts freely and transitively on the set of solutions of 
the KV problem Sol(KV). Furthermore, we prove that Sol(KV) is isomorphic 
to a direct product of a line K (K being a field of characteristic zero) and the 
set of solutions of the pentagon equation with values in the group KV3 . The 
latter contains the set of Drinfeld's associators as a subset. As a by-product of 
our construction, we obtain a new proof of the Kashiwara-Vergne conjecture 
based on the Drinfeld's theorem on existence of associators. 



1. Introduction 

The Kashiwara-Vergne (KV) conjecture is a property of the Campbell-HausdorfT 
series which was put forward in [13]. The KV conjecture has many implications in 
Lie theory and harmonic analysis. Let g be a finite dimensional Lie algebra over 
a field of characteristic zero. The KV conjecture implies the Duflo theorem [8] on 
the isomorphism between the center of the universal enveloping algebra Ug and 
the ring of invariant polynomials (Sg) B . Another corollary of the KV conjecture 
is a ring isomorphism in cohomology H(g, Ug) = H(g, Sg) (proved by Shoikhet 
[20] and by Pevzner-Torossian [17]) for the enveloping and symmetric algebras 
viewed as g-modules with respect to the adjoint action. For K = K, another 
application of the KV conjecture is the extension of the Duflo theorem to germs of 
invariant distributions on the Lie algebra g and on the corresponding Lie group G 
(see Proposition 4.1 and Proposition 4.2 in [13] proved in [4] and [5]). 

The KV conjecture was established for solvable Lie algebras by Kashiwara and 
Vergne in [13], for g = sl(2, R) by Rouviere in [19], and for quadratic Lie algebras 
(that is, Lie algebras equipped with an invariant nondegenerate symmetric bilinear 
form, e.g. the Killing form for g semisimple) by Vergne [22]. The general case has 
been settled by Meinrenken and the first author in [2] based on the previous work of 
the second author [21] and on the Kontsevich deformation quantization theory [14]. 

In this paper, we establish a relation between the KV conjecture and the theory 
of Drinfeld's associators developed in [7]. To this end, we introduce a family of 
infinite dimensional groups KV n , n = 2, 3, ... , and an extension KV2 of the group 
KV2. We show that the set of solutions of the KV conjecture Sol(KV) carries a free 
and transitive action of the group KV2 which contains the Drinfeld's Grothendieck- 
Teichmiiller group GRT as a subgroup. Furthermore, the set Sol(KV) is isomorphic 
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to a direct product of a line K and the set of solutions of the pentagon equation with 
values in the group KV3 . We make use of an involution r acting on solutions of the 
KV conjecture to select symmetric solutions of the KV problem, Sol T (KV). The 
set Sol T (KV) is isomorphic to a direct product of a line and the set of associators 
(joint solutions of the pentagon, hexagon and inversion equations of [7]) with values 
in the group KV3. The latter contains the set of Drinfeld's associators as a subset. 

In summary, we solve the uniqueness issue for the KV problem in terms of 
associators with values in the group KV3. As a by-product, we obtain a new proof of 
the KV conjecture. Indeed, by Drinfeld's theorem, the set of Drinfeld's associators 
in non empty. Hence, so is the set of associators with values in the group KV3, 
and the set of symmetric solutions of the KV conjecture Sol T (KV). This new proof 
is based on the theory of associators rather than on the deformation quantization 
machine. 

An outstanding question which we werejiot able to resolve is whether or not 
the symmetry group of the KV problem, KV2, is isomorphic to a direct product of 
a line and the Grothendieck-Teichmuller group GRT. A numerical experiment of 
L. Albert and the second author shows that the corresponding graded Lie algebras 
coincide up to degree 16! If correct, the isomorphism KV2 = Kx GRT would imply 
that all solutions of the KV conjecture are symmetric, and that all associators with 
values in the group KV3 arc Drinfeld's associators. 

Below we explain raison d'etre of the link between the Kashiwara-Vergne and 
associator theories. One possible formulation of the KV problem is as follows: 
find an automorphism F of the (degree completion of the) free Lie algebra with 
generators x and y such that 

(1) F : x + y ^ ch(x,y), 

where ch(x, y) = x + y + \ [x, y] + . . . is the Campbcll-Hausdorff series. The auto- 
morphism F should satisfy several other properties which we omit here. Consider 
a free Lie algebra with three generators x, y, z and define the automorphism F 12 
which is equal to F when acting on generators x and y and which preserves the 
generator z. Similarly, define F 2 ' 3 acting on generators y and z and preserving x. 
Furthermore, define F 12 ' 3 acting on x + y and z, and F 1,23 acting on x and y + z (for 
a precise definition see Section 3). The main property of the Campbcll-Hausdorff 
series is the associativity, 

ch(x, ch(y, z j) = ch(ch(a;, y),z). 

We use this property to establish the following formula: 

F 1 - 2 F 12 - 3 {x + y + z) = F^ 2 {ch(x + y,z)) 
= ch(ch(a;, y),z) 
= ch(x,ch(y, z)) 
= F 2 ' 3 (ch(x,y + z)) 
= F 2 > 3 F 1 < 23 {x + y + z). 

Hence, the combination 

(2) $ = (F 12 ' 3 )" 1 (f 1 ' 2 )" 1 F 2 ¥' 23 

has the property <&{x+y+z) = x+y+z which is one of the defining properties of the 
group KV3. Furthermore, as an easy consequence of (1) and (2), the automorphism 
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<& satisfies the pentagon equation 

(3) $1,2,3 $ 1,23,4 $ 2,3,4 = $ 12,3,4 $ 1,2,34 



Equation (3) is an algebraic presentation of two sequences of parenthesis redistribu- 
tions in a product of four objects (a standard example is a tensor product in tensor 
categories): the left hand side corresponds to a passage ((12)3)4 — > (1(23))4 — > 
1((23)4) (1(2(34)), while the right hand side to ((12)3)4 -> ((12)(34)) -> 
1(2(34)). The pentagon equation is the most important element of the Drinfcld's 
theory of associators. Our main technical result shows that solutions of equation (3) 
with values in the group KV3 admit an almost unique decomposition of the form 
(2), and the corresponding automorphism F is automatically a solution of the KV 
problem (and, in particular, has the property (1)). 

An important object of the Kashiwara-Vergne theory is the Duflo function J 1 / 2 
which corrects the symmetrization map sym : Sg — ► Uq so as it restricts to a ring 
isomorphism on ad B -invariants. It is more convenient to discuss the logarithm of 
the Duflo function, 

v 7 k=2 

where are Bernoulli numbers. The function f(x) is even, and it is known that 
any function f(x) = f(x) + h(x) with h(x) odd still defines a ring isomorphism 
between Z(Ug) and (Sq) b (in the category of Lie algebras, all these isomorphisms 
coincide with the Duflo isomorphism). We show that the Drinfeld's generators 
02fc+i) k = 1,2,... of the Grothendieck-Tcichmiillcr Lie algebra gtt define flows on 
the set of solutions of the KV conjecture Sol(KV), and on the odd parts of Duflo 
functions such that (<J2k+i 1 h)(x) = —x 2k+1 . Hence, all odd formal power series 
(the linear term of the Duflo function is not well defined) h(x) can be reached by 
the action of the group GRT on the symmetric Duflo function (4). This action 
coincides with the one described in [15] (see Theorem 7). 

The plan of the paper is as follows: in Section 2 we introduce a Hochschild-type 
cohomology theory for free Lie algebras, compute the cohomology in low degrees 
(Theorem 2.1), and discuss the associativity property of the Campbell-Hausdorff 
series. In Section 3 we study derivations of free Lie algebras. Again, we define a 
Hochschild-type cohomology theory, and compute cohomology in low degrees (The- 
orem 3.1). In Section 4 we introduce a family of Kashiwara-Vergne Lie algebras tt>„ 
and the Lie algebra 6D2, and show that the Grothendieck-Tcichmiiller Lie algebra 
grt injects into I02 (Theorem 4.1). In Section 5 we give a new formulation of the 
Kashiwara-Vergne conjecture, and show that it is equivalent to the original state- 
ment of [13] (Theorem 5.2). In Section 6 we discuss properties of Duflo functions 
and show that they can acquire arbitrary odd parts. In Section 7 we establish a link 
between solutions of the KV problem and solutions of the pentagon equation with 
values in the group KV3 (Theorem 7.1). In Section 8 we discuss an involution r 
on the set of solutions of the KV problem, and derive the hexagon equations using 
this involution. Finally, in Section 9 we introduce associators with values in the 
group KV3, compare them to Drinfcld's associators, and give a new proof of the 
KV conjecture (Theorem 9.2). 
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2. Free Lie algebras 

2.1. Lie algebras tve n and the Campbell-Hausdorff series. Let I be a field 
of characteristic zero, and let tie„ = lit(xi, . . . , x n ) be the degree completion of the 
free Lie algebra over K with generators x\, . . . , x n . It is a graded Lie algebra 

oo 

tie„ = \\ tie fc (xi, . . .,x n ), 
fe=i 

where tie fc (xi, . . . ,x n ) is spanned by Lie words consisting of k letters. In case of 
n = 1, 2, 3 we shall often denote the generators by x, y, z. 

The universal enveloping algebra of [ie„ is the degree completion of the free 
associative algebra with generators x\,...,x n , U(liz n ) = Ass„. Every clement 
a E Ass„ has a unique decomposition 

n 

(5) a = a + ^2(d k a)x k , 

k=l 

where ao € K and (c^a) € Ass„. 

The Campbell-Hausdorff series is an element of Ass2 defined by formula ch(a;, y) = 
ln(e x e y ), where e x = J2T=o xk / kl and M 1 ~ a ) = ~ Efeli a V fc - % Dynkin's the- 
orem [9], ch.{x,y) € lxe2 and 

ch(x,y) =x + y+^[x,y] + 

where . . . stands for a series in multiple Lie brackets in x and y. The Campbell- 
Hausdorff series satisfies the associativity property in [ie3, 

(6) ch(a;, ch(y, z j) = ch(ch(a;, y),z). 

One can rescale the Lie bracket of lic2 by posing [•, -] s = s[-, ■] for s e K to obtain 
a rescaled Campbell-Hausdorff series, 

ch s (x,y) =x + y+ -[x,y] + 

where elements of l\c k (x,y) get a extra factor of s fc_1 . Note that ch s (x,y) = 
s~ 1 ch(sx,sy) and ch (x,y) = x + y. The rescaled Campbell-Hausdorff series 
ch s (x 1 y) satisfies the associativity equation, 

ch s (a;, ch s (y, z)) = ,s _1 ch(sx, ch(sy, sz)) 
= s~ x ch(ch(sa;, sy), sz) 
= ch s (ch s (a;,?/),z). 

Remark 2.1 . Let g be a finite dimensional Lie algebra over K. Then, every element 
a € [ie n defines a formal power series a g on g n with values in q. For instance, the 
Campbell-Hausdorff series ch e tiC2 defines a formal power series ch B on g 2 with 
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rational coefficients. For every finite dimensional Lie algebra g this formal power 
series has a finite convergence radius. 

2.2. The vector space tr„. For every n we define a graded vector space tt„ as a 
quotient 

tr„ = Ass+ / ((ab — ba); a, b 6 Ass„). 
Here Ass^" = Yl^Li Ass fc (xi, . . . , x n ), and ((ab — ba);a,b G Ass„) is the subspace 
of Ass^ spanned by commutators. Product of Ass„ does not descend to tr„ which 
only has a structure of a graded vector space. We shall denote by tr : Ass„ — > tr„ 
the natural projection. By definition, we have tr(a6) = tr(6a) for all a, b g Ass„ 
imitating the defining property of trace. 

Example 2.1. The space tti is isomorphic to the space of formal power series in 
one variable without constant term, tti = a;K[[a;]]. This isomorphism is given by 
the following formula, 

oo oo 

/(xH^/^^^T/fctr^). 

k=l k=l 

In general, graded components tt k of the space tr„ are spanned by words of 
length k modulo cyclic permutations. 

Example 2.2. For n = 2, tt^ is spanned by tr(x) and tr(y), tr| is spanned by 
tr(a; 2 ), tr(y 2 ) and tr(a;y) = tr(yx), tr| is spanned by tr(x 3 ), tr(x 2 y), tr(xy 2 ) and 
tr(y 3 ), ttj is spanned by tr(x 4 ), tr(x 3 y), tr(x 2 y 2 ), tr(xyxy), tr(xy 3 ) and tr(y 4 ) etc. 

Remark 2.2. Let q be a finite dimensional Lie algebra over K, p : g — > End(F) 
be a finite dimensional representation of g, and a = J2T=i a k £ an element of 
tt„. We define p(a) as a formal power series on g n such that p(tt(a;j 1 . . .x ik )) = 
Trv(p(xi 1 ) . . . p(xi k )) for monomials, and this definition extends by linearity to all 
elements of tr„. 

2.3. Cohomology problems in [te„ and tr„. For all n = 1,2, . .. we define an 
operator 8 : tve„ — > Ivc n +i by formula 

(8f)(x 1 ,...,x n+1 ) = f(x 2 ,x s ,...,x n+1 ) 
(7) + Y^i=i{- 1 ) i f{xi,---,Xi+x i+1 ,...,x n+1 ) 

+ (-lr+v^i,...,^). 

It is easy to see that (5 2 = 0. 

Example 2.3. For n = 1 and / — ax e [ici = K we have 

(<y/)(a:,y) = /(a:)-/(a; + y) + /(|/) = 0. 

For n = 2we get 

(£/)(£, y, z) = f(y, z) - f(x + y,z) + f(x, y + z) - f(x, y). 

One can also use equation (7) to define a differential on the family for vector 
spaces tr„. By abuse of notations, we denote it by the same letter, 8 : tr„ — > tt n +i. 

Example 2.4. For n = 1, we have for f(x) = tr(x k ) 

(8f)(x,y)=tr(x k +y k -(x + y) k ). 

Note that the right hand side vanishes for k = 1 and that it is non-vanishing for all 
other k = 2, 3 
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The following theorem gives the cohomology of 5 in degrees n = 1,2. 
Theorem 2.1. 

1 (tie, 5) = ker(<5 : [ici — > l\t2) — Kei , 
ff^tt, <5) = kcr (8 : tei -» tt 2 ) = K tr(x) , 
ff 2 ([ie,£) S [K[x,y]], 
ff 2 (tt,<S) = 0. 

Proof. The first statement is obvious since tiei = Kx and 5(x) = x—(x + y) + y = 0. 
The second statement follows from the calculation of Example 2.4. 

For computing the second cohomology, let / be a solution of degree n > 2 of 
equation 

(8) f(y, z) - f{x + y,z) + f(x, y + z) - f(x, y) = 0. 
By putting x i— > sx, y x, z i— > z we obtain 

/(sec, x) + /((l + s)x, z) - f(sx, x + z)- f(x, z) = 0. 

In a similar fashion, putting x ^ x,y ^ z, z ^ sz yields 

f(x, z) + f(x + z, sz) - f(x, (1 + s)z) - f(sz, z) = 0. 

Subtracting the first equation from the second one and differentiating the result in 
s gives 

(9) nf(x,z) = ±(f((l + S )x,z) + f(x,(l + s)z))\ s= o 

= £{f(sx,x + z) + f(x + z,sz)-f (sx,x) - f(sz,z))\ s = . 

First, we solve equation (9) for / e [ie 2 . In this case, f(sx,x) — f(sz,z) = and 
we obtain 

f(x,z) = &d™+l(ax + (3z) 

for some a, (5 £ K. For n = 2, this yields f(x, z) = (0 — a)[x, z]. It is easy to check 
that this is a solution of equation (8). 

For n > 3, consider equation (8) and first put y = — z to get f(x, z) = —f(x — 
z, z), and then put y = —x to obtain f(x, z) = —f(—x, x + z). Hence, 

f(x, z) = {a- 0) ad^ 1 z = {a-0) ad™" 1 x 

which implies f{x,z) = 0. Finally, for n = 1 we put f(x,y) — ax + 0y to obtain 
Sf = ax — 0z. In conclusion, Sf = implies that / is of degree two, and f(x, y) = 
a[x, y] for ael. 

For / e tr 2 equation (9) gives 

f(x, z) = tr ((ax + 0z)(x + z)"" 1 - ax n - 0z n ) , 

for some a, 6 K. For n — 1, it implies f(x, z) = 0. For n = 2, we get 

/(a, *) = (<* + 0) tr(xz) = - ^^(tr^ 2 )) . 

For n > 3, we have 

£/ = (/3 - a) tr ^((a; + y)^ 1 + (y + z)^ 1 - (x + y + z)^ 1 - y^ 1 ) . 

The coefficient in front of tr(y n ~ 2 xz) in this expression is equal to (0 — a)(n — 2), 
and it vanishes if and only if = a. In this case, f(x,z) — — a5(tr(x n )). Hence, 
Sf = implies the existence of g G tti such that Sg = /, and the second cohomology 
i/ 2 (tr, d) vanishes. □ 
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Remark 2.3. In the proof of Theorem 2.1 we have shown that kcr (5 : [ic2 — > 
ties) = K[a;, y]. That is, the only solution of equation (8) is f(x,y) = a[x,y]. 
Equation (8) has been previously considered in the proof of Proposition 5.7 in [7]. 
There it is stated that equation (8) has no nontrivial symmetric, f(x,y) — f(y,x), 
solutions in [ie2- 

2.4. Applications. In this section we collect two simple applications of the coho- 
mology computations of Section 2.3. 

Proposition 2.1. Let s £ K and let \ S ft*2 be a Lie series of the form x{ x iV) — 
x + y + | [a;, y] + . . . , where . . . stand for a series in multibrackets. Assume that x 
is associative, that is 

x(x,x(y,z)) = x(x(x,y),z) e lie 3 . 

Then, x coincides with the rescaled Campbell-Hausdorff series, x(x,y) = ch s (ai,y). 

Proof. The Lie series x an d cri is coincide up to degree 2. Assume that they coincide 
up to degree n — 1, and let x — S^Li Xn with Xn(x, y) a Lie polynomial of degree 
n. The associativity equation implies the following equation for \n- 

Xn(x,y + z) + Xn(y,z) - Xn{x,y) - Xn(x + y,z) = T{xi{x,y), . . . ,Xn-i(x,y)), 

where T is a certain (nonlinear) function of the lower degree terms. By the induction 
hypothesis, the lower degree terms of x an d ch s coincide. And the equation for Xn 
has a unique solution since the only solution of the corresponding homogeneous 
equation Sx n — for n > 3 is Xn — 0. Hence, Xn — (ch s )„ and x = ch s - □ 

Similar to the differential 5, we introduce another differential 5 acting on lve„ 
and tr„: 

(5f)(xi,...,x n+ i) = f(x 2 
(10) + Er=i( _1 )V(zi ; • ■ • ,ch(x i ,x i+ i), . . . ,x n+1 ) 

+ {-l) n + 1 f{x 1 ,...,x n ). 

Again, S 2 = 0, but in contrast to 5, 5 does not preserve the degree. In the following 
proposition we compute the cohomology of 5 for n = 1, 2. 

Proposition 2.2. 

H^lkJ) = 0, 

H 1 (ir, S) = ker (5 : ttj — > tr 2 ) = K tr(x) , 
F 2 (Re,(5) = 0, 
i? 2 (tr,5) = 0. 

Proof. For 7? 1 (tie, 5) we consider (5(x) = x+y— ch(x, y) ^ which implies 7? 1 (lie, (5) = 
ker(<5 : ftei — > lit2) = 0. To compute i? 1 (tr, (5), observe that <5(tr(x)) = tr(x + y — 
ch(x, y)) — (here we used that tr(a) = for all a G iit n of degree greater or equal 
to two), and 5 tr(x k ) = 8 tr(x k ) + ■ ■ ■ ^ for k > 2 (here . . . stand for the terms of 
degree greater than k). 

In order to compute the second cohomology, let / = X^^Lfe/"' w here /„ is 
homogeneous of degree n, and fk ^ 0. Then, 5f = Sf k + terms of degree > k, and 
Sf = implies 5fk = 0. 

First, consider / e [te2- In this case, Sfk = implies fk = for all k except 
k = 2. For k = 2, we have f 2 {x, y) = f [x, y] for some a e K. Define g = f+a(Sx) = 
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/ + a(x + y — ch(x, y)). We have Sg = Sf + aS 2 x = 0, and gi{x, y) = 0. Hence, 
g = and / = — a(x + y — ch(x, yj) = S(—ax). 

For / G tt2, equation Sfk — implies fk = Shk for some h k G tri. Consider 
g = f — Shk- It satisfies 5g — 0, and g = Y^?=k+i 9k- In this way, we inductively 
construct h G tri such that g — Sh. □ 

Remark 2.4. For every s G K one can introduce a differential S s by replacing 
ch(x,y) with ch s (x,y) in formula (10). We have Si = 5 and So = S. Proposition 2.2 
applies to all s ^ 0. Note that H^tt, S s ) = Ktr(x) and H 2 (tr, S s ) = for all s G K 
(including s = 0). 

3. Derivations of free Lie algebras 

3.1. Tangential and special derivations. We shall denote by c)er„ the Lie al- 
gebra of derivations of [\t n . An element u G c)er„ is completely determined by its 
values on the generators, u(xi), . . . ,u(x n ) G tie„. The Lie algebra 0er„ carries a 
grading induced by the one of tie„. 

Definition 3.1. A derivation u G c)er„ is called tangential if there exist a,- L G Ive„, i — 
1, . . . , n such that u(xi) — [xi,a,i]. 

Another way to define tangential derivations is as follows: for each i = 1, . . . , n 
there exists an inner derivation such that (u — Ui)(xi) = 0. We denote the 
subspace of tangential derivations by tdcv n C dex n . 

Remark 3.1. Let pk : tie„ — > K be a projection which assigns to an element 
a = J2k=i ^kXk + • • • , where . . . stand for multibrackets, the coefficient G K. 
Elements of i0cx n are in one-to-one correspondence with n-tuples of elements of [ie„, 
(ai, ...,«„), which satisfy the condition Pk{o-k) = for all k. Indeed, the kernel 
of the operator ad 2fe : a i— » [xk, a] is exactly Kx^. Hence, an n-tuple (ai, . . . , a n ) 
defines a vanishing derivation u(xt) — [xk,ak\ — if and only if at G Kit for all 
k. By abuse of notations, we shall often write u — (ai, . . . , a n ). 

Proposition 3.1. Tangential derivations form a Lie subalgebra o/0er„. 

Proof. Let u = (a±, . . . , a n ) and v = {b\, . . . , b n ). We have 

[u,v](xk) = u([xk,bk]) - v([xk,a k ]) 

= [[xk,a k ],bk] + \xk,u{bk)] - [[xk,bk},a k ] - [x k ,v(a k )] 
= [x k ,u(b k ) - v(a k ) + [a k ,b k ]} 

which shows [u,v] G t5er„. □ 

One can transport the Lie bracket of tdez n to the set of n-tuples (ai, . . . , a„) 
which satisfy the condition p k (ak) = 0. Indeed, put the fcth component of the new 
n-tuple equal to u(bk) — v(ak) + [afc,6fc]. This expression does not contain linear 
terms, and in particular it is in the kernel of p k - 

Definition 3.2. A derivation u G tt>et„ is called special if u(x) = for x = Y^i=i x i- 

We shall denote the space of special derivations of lie n by s5et„. It is obvious 
that sflet„ G toer„ is a Lie subalgebra. Indeed, for u, v G sc)er„ we have [u,v](x) = 
u(v(x)) — v(u(x)) — and, hence, [u,v] G s0er„. 

Remark 3.2. Ihara [11] calls elements of s0er„ normalized special derivations. 
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Example 3.1. Consider r = (y, 0) € tc)er2. By definition, r(x) = [x, y],r(y) = 0. 
Note that r(x+y) = [x, y] ^ and r sc)et2. Consider another element t = (y, x) G 
t0et2. We have t(x) = [x,y},t(y) — [y,x] and t(x + y) = [x,y] + [y,x] = 0. Hence, 
t G s£)er 2 . 

3.2. Simplicial and coproduct maps. We shall need a number of Lie algebra 
homomorphisms mapping t0et„_i to tfer„. First, observe that the permutation 
group S n acts on [ie„ by Lie algebra automorphisms. For a G S n , we have a \— > 
a " = a(x CT (i), . . . , x CT („)). The induced action on tt>et„ is given by formula, 

u = (oi, . . . ,a n ) i-> u a = (a CT -i(i)(x CT( i), . . . ,x CT(n) ), . . . , <V-i(„)(x CT(1) , . • . ,x ct( „))). 

Example 3.2. For u = (a(x,y),b(x,yj) G t0er 2 we have u 2 ' 1 = (6(y, x), a(y, x)), 
where <r = (21) is the nontrivial element of S^- In the same fashion, for u = 
(a(x, y, z), 6(x, y, z), c(x, y, z)) G t5et3 we have w 3,1 ' 2 = (b(z, x, y), c(z, x, y), a(z, x, y)) 

We define simplicial maps by the following property. For u = (<n, . . . , a„_i) G 
tt)er„_i define u 1 ' 2 '"''™ -1 = (ai, . . . , a n _i, 0) G t0et„. It is clear that the map 
it i ► u 1 ' 2 '"''" -1 is a Lie algebra homomorphism. We obtain other simplicial maps 
by composing with the action of S n on t0et„. Simplicial maps restrict to special 
derivations. Indeed, for u G soet„_i and x — J27=i Xi we compute 

n-1 

u l,2,...,n-l (a . ) = ^ [a .. ;a . ] = 
i=l 

which implies u 1 ' 2 '-> n ~ 1 G s0er„. 

Example 3.3. For it = (a(x, y), b(x, y)) G t0et2 we have u 1 ' 2 — (a(x, y),b(x, y), 0) G 
tt)et3 and u 2 ' 3 = (0, a(y, z), b(y, z)). For instance, for r = (y, 0) we obtain r 1,2 = 
(y, 0, 0), r 2 < 3 = (0, z, 0), r 1 ' 3 = (z, 0, 0). 

Proposition 3.2. The element r = (y, 0) G tt>et2 satisfies the classical Yang-Baxter 
equation, 

[ r My,3 ] + [r l,2 )r 2,3 ] + [r l,3 )r 2,3 ] = a 

Proof. We compute, 

[r 1 ' 2 ,r 1 ' 3 ] = [(y,0,0),(z,0,0)] = ([y,z],0,0), 
[r 1 ' 2 , r 2 < 3 ] - [(y, 0, 0), (0, z, 0)] = -([y, z], 0, 0), 
[r 1 ' 3 ,r 2 ' 3 ] = [(z,0,0),(0,z,0)] = 0. 
Adding these expressions gives zero, as required. □ 

Next, consider t — (y,x) G suet2- By composing various simplicial maps we 
obtain n(n — l)/2 elements of t 1 ^ = V ,% G tc)er„ with non-vanishing components Xj 
at the j'th place and Xj at the zth place. 

Proposition 3.3. Elements t 1 ^ G soet„ span a Lie subalgebra isomorphic to the 
quotient of the free Lie algebra with n(n~ l)/2 generators by the following relations, 

(11) [t id ,t k ' 1 } = 
for k, I ^ i,j, and 

(12) +t i ' k ,t j ' k ] = 
/or aZZ triples of distinct indices i,j, k. 
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Remark 3.3. We denote by in the Lie algebra denned by relations (11) and (12). 
Note that c = J2i<j t hj is a central element of t„. Indeed, [t l >i , c] = J2 k ^i k^j > t l ' k + 
p- k ] = 0. It is known (see Section 5 of [7]) that 

tnStn-iQlieft 1 '",...,*"- 1 '"), 

where the free Lie algebra [ie(t 1,Tl , . . . , t™ -1 '™) is an ideal in t„ and t„_i C t„ is 
a complementary Lie subalgebra spanned by t 1 ^ with i,j < n . In particular, 
t2 = Kt 1 ' 2 is an abelian Lie algebra with one generator, and ts = t2® lie(t 1,3 , t 2 ' 3 ). 
In fact, ad t i,2 is an inner derivation of [ic(t 1,3 , £ 2,3 ), 

[t 1 - 2 ,a] = [t 1 * -c,a] = -[t 1,3 + t 2 ' 3 ,a], 

and t 3 = Kc® Iie(i 1,3 ,* 2 ' 3 ). 

Proof. First, we verify the relations (11) and (12). The first one is obvious since 
the derivations t 1 ^ and t k ' 1 act on different generators of [ie„. For the second one, 
we choose n = 3 and compute [t 1 ' 2 + t 1 ' 3 , i 2 ' 3 ]: 

[t 1 ' 2 ,* 2 ' 3 ] = [{y,x,0),(0,z,y)} = {-[y,z},[x,z},[y,x]), 

[i 1 ' 3 ,; 2 ' 3 ] = [{z,0,x),(0,z,y)] = {-[z,y},[z,x},[x,y]). 

Adding these expressions gives zero, as required. We obtain the relation (12) for 
other values of k by applying the S n action to replace 1,2,3 by k. Hence, 
the expressions t % ^ define a Lie algebra homomorphisni from t„ to s5er„. We 
prove that it is injective by induction. Clearly, the map t2 = Kt 1 ' 2 — > sc)et2 is 
injective. Assume that the Lie homomorphism t„_i — > t0er„_i is injective. Let 
a G t„, a = a' + a", where a' G t„_i and a" G [te(t 1,n , . . . , t n_1 ' n ). We de- 
note by A' and A" their images in Bflet„. Observe that A'(x n ) — since A' 
is a derivation acting only on generators xi, . . . , x n -\. It is easy to check that 
A"(x n ) = [x n , a"(xi, . . . , x n -i)], where a"{x\, . . . , x„_i) is obtained by replacing 
the generators f" n by Xi in a"{t^ n , . . . ,t n ~ 1 ' n ). Assuming A = A' + A" = 0, we 
have A(x n ) = which implies A"(x n ) — and a" = 0. Then, a = a' G i n -i and 
A = implies a = by the induction hypothesis. □ 

Proposition 3.4. The element c — J2i<j belongs to the center of s9et„. 

Proof. First, note that c(xj) = ^jjjari, = [2^,2;] for a; = X^i 2 ^- Hence, 
c is an inner derivation, and for any a G Iie n we have c(a) = [a, a;]. Let u = 
(ai, . . . , dfc) G sfler„ and compute the A:th component of the bracket [c, u]: 

c(a k ) -u{Y,i^ k Xi) + J2i^kl x i' a k\ = [ak,x]+u(x k ) + J2i^ki x *> a k} 

= [a k ,x] + [x k ,a k ] + J2 l ^ki x i' a k\ 
= [a k ,x] + [x,a k } = 0. 

Here we have used that u(x) = for u G sflet„. □ 

Another family of Lie algebra homomorphisms t£)et„-i — > i0cx n is given by co- 
product maps. For u = (ai, . . . , a„_i) G t0et n _i we define 

u 12,3,...,n _ ( ai ( Xl _|_ £2,2:3, . . . , £„), 
ai(xi +X2,X 3 ,...,X n ), 
a 2 (xi +X2,X 3 ,...,X n ), 

. . . , 

a«-i(a:i + £2,2:3, ■ • -,x n )). 
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Other coproduct maps are obtained by using the action of the permutation groups 
on tt>et„_i and on iOex n - 

Example 3.4. For n = 2 and u = (a(x , y) , b(x , y)) we have w 12 ' 3 = (a(x + 
y, z),a(x + y, z), b(x + y, z)) and u 123 = (a(x, y + z),b(x, y + z), b(x, y + z)). 

Coproduct maps tc)er„_i — » tc)er n are Lie algebra homomorphisms. Let u = 
(a, b) G t£)et2 and compute u 12 ' 3 (x + y) = [x + y, a(x + y, z)] and u 12 ' 3 (z) = [z, b(x + 
y, z)]. Hence, for any / G [ie 2 we obtain u 12 ' 3 (/(a; + y, z)) — (u{f))(x + y, z). For 
u = (a\,b\), v = (a 2 , b 2 ) G tuet 2 we compute [u 12,3 , v 12 ' 3 ] = (ci, c 2 , c 3 ) where 

Ci = c 2 = u 12 - 3 (a 2 (x + y,z))-v 12 ' 3 (a 1 (x + y,z)) + {a 1 (x + y,z),a 2 (x + y 7 z)} 

= (u(a 2 ) - v(ai) + [ai,a 2 ])(x + y, z), 

c 3 = u 12 < 3 {b 2 {x + y,z)) - v 12 ' 3 (h{x + y,z)) + [h{x + y, z),b 2 {x + y, z)] 

= (u(b 2 ) -v(h) + [b u b2])(x + y,z). 

Hence, [u 12,3 , w 12 ' 3 ] = [u, u] 12,3 . Coproduct maps restrict to Lie subalgebras of 
special derivations. For u G sc)et„_i and x = Y^ii=i x i we compute 

u 12 ' 3 '-' n (x) = [xi + x 2l a 1 (x 1 + x 2 ,.. - ,x n )] H h [x n , a n -i(xi +x 2 ,.. .,x n )] = 

which implies u 12,3 ' G sOer„. 

Example 3.5. For r = (y, 0) G t£)er 2 we have r 12,3 = (z,z,0) = r 1 ' 3 + r 2 - 3 and 
r i : 23 _ j-y _|_ Z; 0, 0) = r 1,2 + r 1 ' 3 . Similarly, for t = (y,x) G t£)er 2 we have i 12,3 = 
(z, z,x + y) = t 13 + t 2 ' 3 and i 1 ' 23 = (y + z, x, x) = t 1 ' 2 + t 1 ' 3 . 

Let u — (ai,6i) G s5et 2 and v — (a 2 ,b 2 ) G toer 2 . Then, [u 1 ' 2 , v 12 ' 3 ] = 0. Indeed, 
note that u 1 ' 2 acts by zero on lit(x + y, z) and v 12 ' 3 acts as an inner derivation with 
generator a 2 (x + y, z) on lie(x, y). We compute 

[u^y 2 - 3 ]^) = u^ 2 ([x,a 2 (x + y,z)})-v 12 ' 3 ([x, ai (x,y)}) 

= [{x,ai{x,y)],a 2 (x + y,z)\ - [[x,a 1 (x,y)],a 2 (x + y, z)} =0, 

and similarly [it 1 ' 2 , v 12 ' 3 ](y) = 0. Finally, [it 1 ' 2 , w 12 ' 3 ](z) = u 1 ' 2 ([z, b 2 (x + y, z)]) = 0. 
In general, for u G s0er n ,w G tuet m+ i we have [u 1 ' 2, ~' n , - u 12 ---™.™+ 1 . -,n+m] — q. 

3.3. Cohomology. We define a differential d : tc)et„ — > tuet n+ i by formula, 

du = u 2 ' 3 >-> n+1 - u ^-^-l),n + . . . + (_ 1 y u l,2,...,<n-l) n + ( _ 1) n+l u l,2,...,n 

It is easy to check that d squares to zero, d 2 = 0. 

Example 3.6. For u G toer 2 we get du = u 2 ' 3 - u 12 ' 3 + u 1 ' 23 — u 1 - 2 . For u G tflet 3 
we obtain du = u 2 - 3 ^ - u 12 ^ 4 + u 1 ' 23 ' 4 - u 1 ' 2 ' 34 + u 1 ' 2 ' 3 . 

We shall compute the cohomology groups 

H n (tDex, d) = ker(d : tt>et„ — > toer„ + i)/im(d : tt>et„_i — > Wer„) 

for n = 2, 3. 

Theorem 3.1. 

i? 2 (tuet, d) = kcr(d : toer 2 ttet 3 ) = Kr © Kt, 
ff 3 (tt>et,d) = K[(0, [z,a;],0)], 

w/iere r = (y, 0) , t = (y, x) . 
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Proof. Since tfleti = 0, we have H 2 (tdn,d) = kcr(d : t5et2 — > t9et3). Let u = 
(a, 6) e t0et2, and consider du — u 2,3 — u 12,3 + u 1 ' 23 — u 1 ' 2 . Equation du = reads 

- a(x + y, z) + a(x,y + z) - a(x,y) = 0, 
a(y,z) - a(x + y,z) + b(x,y + z) - b(x,y) = 0, 
b(y,z) - b(x + y,z) + b(x,y + z) = 0. 

Put x = in the first equation to get a(y, z) = a(0, y + z) — a(0, y) = az. In the 
same way, put z = in the third equation to obtain b(x, y) = b(x+y, 0) — b(y) — (3x. 
All three equations are satisfied by u — (ay, fix) — (a — f3)r + (it for all a, (3 € K. 
Hence, ker(d : tt>et 2 -> toer 3 ) = Kr © Kt 

In order to compute ff 3 (tuet, d) we put u = (a,b,c) E tdctz and write du = 

u 2,3,4 _ u 12,3,4 + u l,23,4 _ ^1,2,34 + ^1,2,3 Equation du = Q yields 

— a(a; + y, z,w) +a(a;, y + z, to) — a(a;,y,z + w) +a(x,y,z) = 0, 

a(y,z,w) —a(x + y,z,w) +b(x,y + z,w) —b(x,y,z + w) +b(x,y,z) = 0, 

b(y,z,w) —b(x + y,z,w) +b(x,y + z,w) —c(x,y,z + w) +c(x,y,z) = 0, 

c(y,z,w) -c(x + y,z,w) +c(x,y + z,w) -c(x,y,z + w) = 0, 

Make a substitution x hijh —x, z h- > .t + y, w i— > z in the first equation to get 

a(x, y, z) = a(x, -x, x + y + z) - a(x, -x, x + y) + a(0, x + y, z). 

Let /(x, y) = — a(x, —x, x + y) and k(x, y) = a(0, x, y) — f(x, y) to get the following 
expression for a, 

a(x, y, z) = f(x, y) - /(x, y + z) + /(x + y, z) + fc(x + y, z). 

In the same fashion, putting x i— » y, y z + w, z — w, t» h» »in the forth 
equation gives 

c(y, z, w) = c(y + z + w, —w, w) — c(z + w, —w, w) + c(y, z + w, 0). 

By letting g(z, w) = —c(z + w, —w, w) and l(z, w) — c(z, w, 0) + g(z, w) we obtain 

c(y, z, w) = -g(y, z + w) + g(y + z, w) - g(z, w)+l(y,z + w). 

Consider u = (a,b,c) = u + d(f,g). It satisfies du = and it has a(x,y,z) = 
k(x + y, z) and c(x, y, z) = l(x, y + z). The first equation (for a) implies k(x + y, z) = 
k(x + y, z + w) which forces k — (since a does not contain terms linear in x). In 
the same way, the forth equation yields l(x + y, z + w) = l(y, z + w) which implies 
I = 0. Hence, u — (0,6,0). Denote h(x,y) = b(x,0,y) and first put y = in the 
third equation to get b(x, z, w) = h(x, z + w) — h(x, z), then put z = to obtain 
b(x, y, w) = h(x + y, w) — h(y, w). These two equations imply 

h(x, y) — h(x, y + w) + h(x + y, w) — h(y, w) = 0, 

and, by Theorem 2.1, h(x,y) = j[x, y] for some 7 G K. This implies b(x,y,z) — 
j[x,y + z] — j[x,y] = j[x,z]. It is easy to check that u — (0, 7 [a;, z], 0) verifies 
du = 0. Finally, in degree two, im(d : t5er2 — ► t0er 3 ) is spanned by 

d(a[x,y],0[x,y]) = (-a[y, z], (a - (3)[z, x], (3[x, y]), 

and (0, j[x, z], 0) ^ im(d : t£)er 2 — > toer 3 ) for 7 / 0. □ 
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3.4. Cocycles in tr„. The action of Oer„ extends from Iie„ to Ass„ and descends 
to the graded vector space tr„. For u & Oer„ and a e tr„ we denote this action by 
u- a e tr„. 

Example 3.7. Let r = (y,0) e t0et2, and a = tr(xy) 6 tt2- We compute r ■ a = 
tr(r(x)y + xr(y)) = tr([x, = tr((xy - yx)y) = 0. 

We shall be interested in 1-cocycles on the subalgebra tt>et„ with values in tr„. 
That is, we are looking for linear maps a : tt>er„ — > tr„ such that 

u ■ a(v) — v ■ a(u) — a([u, v]) = 

for all u, v s tOet„. 

Proposition 3.5. For all k = 1, . . . ,n the map a : u — (oi, . . . , a„) tr(afe) is a 
i-cocyc/e. 

Proof. Note that a vanishes on all elements of degree greater or equal to two. 
Hence, a([u, v]) = for all u, v € tOer„. Let u = (ai, . . . , a„) and t> = (6i, . . . , &„). 
Then, u ■ a(v) — u ■ tr(b k ) = tr(u(frfc)) = since u(b k ) is of degree at least two, and 
similarly v ■ a(u) = tr(v(a k )) =0. □ 

Proposition 3.6. The map div : u — [a\, . . . ,a n ) i— > Y^k=i ^ T ( x k{9 k a k )) * s a 1- 
cocycle. 

Proof. On the one hand, we get 

u ■ div(u) - v ■ div(u) = X)fc=i tr {u{x k (d k b k )) - v(x k {d k a k ))) 

= J2 k =i tr ([ x k,a k ]{d k b k ) + x k u(d k b k ) 

- [x k ,b k ](d k a k ) - x k v(d k a k )). 

On the other hand, we obtain, 

div([u,v]) = Sfe=i tr(x fcl 9fe(u(6fc) - w(a fe ) + [a fe ,6 fe ])) 

= 121=0 tr ( x kd k (u(J2™ =1 (d i b k )x l ) - v(52j =1 (dja,k)xj) + [a k ,b k ])) 

= J2 k l =o tT ( x k d k{J2 r i=i( u (dibk)x t + (d l b k )[x l ,a l \) 

- Tl=i( v ( d j a k)xj + \dja k )[xj,aj\) + [a k ,b k ])) 

= Y, k =o tT ( x k{u{d k b k ) - {d k b k )a k + Y^ = \{dib k )x i {d k a i ) 

- v(d k a k ) + (d k a k )b k - J2]=i( d j a k)xj(d k bj) + a k (d k b k ) - b k (d k a k ))) 
= ELi tr{x k (u(d k b k ) - (d k b k )a k - v(d k a k ) 

+ {d k a k )b k + a k (d k b k ) - b k (d k a k ))) 
= u ■ div(w) — v ■ div(u). 

proving the cocycle condition. Here we have used the definition of d k operators (see 
equation (5)) and the fact that a k = X)j=i(^i a fe) x j an d b k = ^2™ =1 (dib k )xi. □ 

The divergence cocycle transforms in a nice way under simplicial and coproduct 
maps. For u = (a\, . . . ,a n ) E tdex n we have div(u 1 ' 2 ' - '") = tr ( x i(^ a 0) = 

div(u)(xi, . . . , x n ). For div(u '■"' n+ ) we compute 

div(w 12 '---'™ +1 ) = tr(x 1 (dia 1 (x 1 + x 2 , ■■■))+ x 2 (d 2 a 1 (x 1 + x 2 , ■■ ■))) 

+ Dfc=3 tr(x k (d k a k -i(xi + x 2 , . . . ))) 

= tr((xi + x 2 ){d 1 ai){x 1 + x 2 , . . . ) 

+ YJk= 2 Xfc+i(<9 fe a fc )(xi + x 2 , . . . )) 

= (div(u))(xi +x 2 ,x 3 , . . . ,x„+i). 

Proposition 3.7. div(du) = (5(div(u)). 
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Proof. We compute, 

div(du) = div(u 2 '-> - div(u 12 — + • • • + (-l)"+ 1 div(u 1 ' 2 - '") 
= div(u)(a;2, . . . ,x n+1 ) - div(u)(a;i + x 2 , ■ ■ -,x n+1 ) + ... 
+ (-l) n + 1 div(x u ...,x n ) 
= <f(div(u)). 

□ 

4. Kashiwara-Vergne Lie algebras 

4.1. Definitions. In this section we introduce a family of subalgebras of st>et„ 
called Kashiwara- Vergne Lie algebras. 

Definition 4.1. The Kashiwara-Vergne Lie algebra to„ is a Lie subalgebra of 
special derivations spanned by elements with vanishing divergence. 

Note that t0„ is indeed a Lie subalgebra of s5er n . For two derivations u, v £ to„ 
the cocycle property for divergence implies div([u, v]) = u ■ div(i>) — v ■ div(u) = 0, 
as required. 

Example 4.1. The element t = (y, x) £ s?>et2 is contained in tD2- Indeed, we have 
a(x, y) = y, b(x, y) = x and d x a = d y b — which implies div(i) = 0. 

Simplicial and coproduct maps restrict to to„ subalgebras. Indeed, for u £ st>et„ 
the condition div(u) = implies div(u 1 ' 2 '- -") = and div(u 12 ' 3 '---'™ +1 ) = 0. 

Example 4.2. Since t £ to 2 , we have t 1 ' 2 , t 1 ' 3 , t 23 £ £d 3 and [t l ^,t 2 ^] = ([y,z], [z,x], [x,y]) £ 

In the case of n = 2 we introduce an extension of £t>2, 

to 2 := {u £ s£)er 2 , div(u) £ kev(S)}. 

Recall that ker(5 : tr 2 — > tt3) = im(S : tti — > tt2). Hence, for u £ t02 there exists 
an element / £ tti such that div(u) = tr(f(x) — f(x + y) + f(y)). By Theorem 2.1, 
such an element is unique if we choose it in the form f(x) = Y^k=2 fkx k - By abuse 
of notations we denote by / the map / : u i— > /, and by fk the maps fk ■ u i— > fk- 

The subspace tD2 is a Lie subalgebra of si)et2. Indeed, for two derivations u, v £ 
tx>2 we compute div([u, v]) = u ■ div(u) — v ■ div(u). We have div(u) = Sf = 
tr(/(a;) - f(x + y) + f(y)) with / e a; 2 K[[a;]]. Note that u ■ tv(f(x + y)) = 
since u(x + y) = and u ■ tr(f(x)) = tr([x,a]f'(x)) = tr([xf'(x),a\) = 0, where 
u{x) = [x, a]. Hence, u ■ div(u) = 0, and similarly v ■ div(u) = 0. In fact, we proved 
[t02,t0 2 ] c to 2 . 

Proposition 4.1. Let u £ t0 2 - Then, f(u) is odd, and Taylor coefficients fk,k = 
3, 5, . . . are characters o/to 2 - 

Proof. Let u £ tx>2 with divergence div(u) = tr(f(x) — f(x + y) + f(y)), where 
f( x ) — X)fc 2 fkX k - Note that the coefficient in front of tx(xy n ~ 1 ) in div(u) is equal 
to —nf n . Since u = (a,b) £ t0 2 , we have u(x + y) = [x,a] + [y,b] = 0. Consider 
terms linear in x in both a and b. First, observe that b does not contain terms of 
the form ad™ (a;) for m > 1 since ad™ +1 (x) ^ im(ad x ). In particular, this applies to 
all m odd. Next, note that a does not contain terms of the form ad™ (a;) for m odd 
since in this case [x, ad m (a;)] ^ im(ad !/ ). Hence, div(w) = tr(xd x a + yd y b) does not 
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contain terms of the form tr(xy m ) for m odd, and fk = for all k = m + 1 even. 
Finally, Taylor coefficients of / are characters of fit>2 since they vanish on 6t) 2 , and 
on [lt) 2 ,lt) 2 ] C tx>2- □ 

4.2. The Grothendieck-Teichmiiller Lie algebra. Recall that the Grothcndieck- 
Teichmiiller Lie algebra gtt was defined by Drinfeld [7] in the following way. It is 
spanned by derivations (0, tp) G t£)et 2 which satisfy the following three relations 

(13) ij)(x, y) = -tp(y,x), 

(14) ip{x,y) + ip(y,z) + tp(z,x) = 
for x + y + z = (that is, one can put z = —x — y), 

(15) V(* M , t 2M ) + V(t 12 ' 3 , i 3 ' 4 ) = Ht 2 ' 3 , t 3A ) + iK* 1,23 , t 23A ) + t 2 - 3 ), 

where the last equation takes values in the Lie algebra t4 and t 1 ' 23 = t 1 ' 2 + t 1 ' 3 etc. 
Note that defining equations of gtt have no solutions in degrees one and two. The 
Lie bracket induced on solutions of (13), (14), (15) is called Ihara bracket, 

[^i> 2 ]ih = (o.ViXV*) - (0,^2)^1) + [^1,^2]. 

Theorem 4.1. The map v : tp 1— » (tp(—x — y,x),tp(—x — y,yj) is an injective Lie 
algebra homomorphism mapping gtt to 6d 2 . 

We split the proof of Theorem 4.1 into several steps. 

Proposition 4.2. Let tp G gtt. Then, * = ^(^) verifies 

(16) d* = V(* 1,2 ,i 2 ' 3 ). 
We defer the proof of this proposition to Appendix. 

Proposition 4.3. im(i/) C ?0 2 . 

Proof. Using equation (16) we compute 

5(V(x + y)) = (d*)(z + y + z) = tp(t h2 , t 2 ^)(x + y + z) = 

because t 1,2 ,t 2 ' 3 G sDet3. Since W G tt)et 2 is of degree at least three, ^(x + y) is of 
degree at least four, and by Theorem 2.1 this implies &(x + y) = and ^ G sflet 2 . 
Similarly, we compute 

tf(div(tf)) - div(d*) = div(^(i 1,2 ,i 2 ' 3 )) = 

since t 1 ' 2 , t 2 - 3 G 6t) 3 . By Theorem 2.1, this implies div(<J>) G im(5) and * G Id 2 . □ 

Proposition 4.4. v : grt — ► £t> 2 is a Lie algebra homomorphism. 

Proof. Let tpi,tp 2 G grt and compute (a, 6) = [^(V'l), KV^)], 

a(a:,y) = ^(^i)(^ 2 (-a; - y, x)) - v(tp 2 )(tpi(-x - y, x) 
+ bPi(-x-y,x),tp 2 (-x-y,x)] 

= ((o, Vi) W-2) - (0, *h)(il>i) + VPi,M) i-x -y,x), 

where we used that v(tpi), y{tp 2 ) G sJ)er 2 . Similarly, we have 

b(x,y) = v(il>i)(ih(-x-y,y))-v(ilj2)(ipi(-x-y,y) 
+ bPi{-x-y,y),tp 2 (-x-y,y)] 
= ((0, Vi)(^2) - (0,^2)^1) + VPi,M) (-x - y,y). 
In conclusion, \v{tp\), v(tp 2 )] = ^([^1, V^hh), as required. □ 



16 



ANTON ALEKSEEV AND CHARLES TOROSSIAN 



This observation completes the proof of Theorem 4.1. 

It is known [11, 7] that there exit elements om+\ £ gtt of degree 2n + 1 for all 
n = 1,2,... Modulo the double commutator ideal [[[iC2, K^], [Ht2, ^2]], 02n+i has 
the following form, 

Proposition 4.5. / o i/(o"2 n +i) = — x 2n+1 . 

Proof. Equation (17) implies that the linear in x part of a(x,y) = a(—x — y,x) is 
equal to (2n + 1) ad 2 ™ x, and the linear in x part of b(x, y) = a(—x — y, y) vanishes. 
Hence, the coemcient in front of tr(xy 2n ) in div(^(cr 2 n+i)) is equal to (2n + 1), and 

div(i/(o- 2 „+i)) = -tr(x 2 " +1 - (x + y) 2n+1 + y 2n+1 ) = -<5 tr(x 2 " +1 ), 

which implies f(v(<T2n+i)) = —x 2n+1 . □ 

Theorem 4.1 shows that 6d 2 is infinite dimensional, and Proposition 4.5 implies 
that characters fk, k = 3, 5, . . . are surjective. The Lie algebra to 2 contains a central 
one dimensional Lie subalgebra Kt for t — (y,x), and a Lie subalgebra isomorphic 
to the Lie algebra gtt. This observation suggests the following conjecture on the 
structure of tv 2 - 

Conjecture. The Lie algebra tx>2 is isomorphic to a direct sum of the Grothendieck- 
Teichmiillcr Lie algebra gtt and a one dimensional Lie algebra with generator in 
degree one, 60 2 = Kt © gtt. 

Remark 4.1. The Deligne-Drinfeld conjecture (see Section 6, [7]) states that gtt 
is a free Lie algebra with generators ct 2 „+i. In [18], Racinet introduced a graded 
Lie algebra dmto related to combinatorics of multiple zeta values. A numerical 
experiment of [10] shows that up to degree 19 the Lie algebra dmto is freely gener- 
ated by cr 2 fe + i, and that dmto C gtt. A numerical computation by Albert and the 
second author [1] shows that up to degree 16 the dimensions of graded components 
of tx>2 coincide with those of Kt © lie (173, 175, ... ) (up to degree 7, the computation 
has been done by Podkopaeva [16]) . Since Kt © v(gti) C 6d 2 , we conclude that 
the Conjecture stated above and the Deligne-Drinfeld conjecture are verified up to 
degree 16. 

5. The Kashiwara-Vergne problem 

5.1. Automorphisms of free Lie algebras. Recall that one can associate a 
group G to a positively graded Lie algebra g = flfeLi Sfc with all graded components 
of finite dimension. G coincides with g as a set, and the group multiplication is 
defined by the Campbcll-Hausdorff formula. If g is finite dimensional, G is the 
connected and simply connected Lie group with Lie algebra g. Even for g infinite 
dimensional we shall denote the map identifying g and G by exp : g — > G and its 
inverse by In : G — > g. Then, the definition of the group multiplication in G reads: 
exp(w) exp(v) = exp(ch(u, v)). 

Lie algebras tfer„, so tt n , to„ and to 2 introduced in the previous Section are pos- 
itively graded, and all their graded components are finite dimensional. Hence, they 
integrate to groups. We shall denote these groups by TAut n , SAut„, KV„ and KV 2 , 
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respectively. The natural actions of tt>et„, sZ>et„, tx> n and tx>2 on [ie„ and on tr„ lift 
to actions of the corresponding groups given by formula 

oo 

cxp(u)(a) := ^V l (a), 

71=0 

where u n {a) is the n-tuple action of the derivation u on a. Note that the group 
TAut„ consists of automorphisms g of [ie„ with the property that for each i = 
1, . . . ,n there is an inner automorphism gi such that g{xi) — gi(xi). Furthermore, 
the group SAut„ is a subgroup of TAut„ singled out by the condition g(x) = x for 

En 
i=l X i- 

In order to discuss the groups KV„ and KV2 we introduce a Lie group 1-cocycle 
j : TAut„ — > tr„ which integrates the Lie algebra 1-cocycle div : tt>et„ — ► tr„. 

Proposition 5.1. There is a unique map j : TAut„ — > tr„ which satisfies the group 
cocycle condition 

(18) j(gh) = j(g) + g ■ j(h), 

and has the property 

(19) j(exp(su))| s=0 = div(u). 

as 

Proof. Let q be a semi-direct sum of tt>et n and tr„. The cocycle property of the 
divergence implies that the map tflet„ — > g defined by formula u 1— > u + div(w) 
is a Lie algebra homomorphism. Define j(exp(u)) by formula exp(u + div(u)) = 
exp(j(exp(u))) exp(u). For g — exp(w) and h — exp(w) we have 

e^p(j{gh))gh = (exp(j(g))g)(exp(j(h))h) = cxp(j( 5 ) + g ■ j{h))gh 

which implies (18). 

Equations (18) and (19) imply the following differential equation for j: 

— j(cxp(su)) = div(it) + u ■ j(exp(su)). 
as 

Given the initial condition j(e) — 0, this equation admits a unique solution, 

e u - 1 

j(exp(w)) = . div(w) 

which proves uniqueness of the cocycle j. □ 

Remark 5.1. Equation (18) for h = g^ 1 implies i(<7 _1 ) = — g^ 1 • j(g)- 

Proposition 5.2. The group KV„ is isomorphic to a subgroup of SAut„ singled 
out by the condition j(g) = 0. 

Proof. Let u € 6t)„. Then, div(u) = implies j( ex P(u)) = and exp(w) G KV„. In 
the other direction, j(g) — for g — exp(u) implies div(w) = u/(e u — 1) • j(g) = 0, 
and u G 6d„. □ 

Proposition 5.3. Let g G KV2. Then, j(g) G im(<5). 

Proof. Let u E eo 2 . Then, div(u) = tr(/(x) + f(y) - f(x + y)) with / G x 2 K[[cc]]. 
Note that u ■ tr(/(x)) = u ■ tr(/(y)) = since u acts as an inner derivation on x 
and as a (different) inner derivation on y. Furthermore, u-ti(f(x + y)) = because 
u(x + y) = 0. Hence, u ■ div(w) = 0, and j(exp(u)) = (e u — l)/u- div(u) = div(u) G 
hn(6). □ 
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5.2. Scaling transformations. For ^ s e K consider an automorphism A s of 
the free Lie algebra [ie„ such that A s : Xi i— > sxi for all i = l,...,n. We have 
A Sl A S2 = A Sl+S2 , (Ag)^ 1 = A s -i, and A\ — e. For example, we compute 

A a (ch(x,y)) = ch(sx,sy) = sch s (x,y). 

Note that for g G TAut„ an automorphism g s = AsgAj 1 is also an element of 
TAut„. Indeed, g{x{) = gi(xi) = e a a; i e~ a , where gi is an inner automorphism of 
tve„ given by conjugation by e a for a G [ie„. Then, 

g.{xi) = A s gA~ 1 (xi) = s' 1 A s g( Xl ) = e A ^ Xi e~ A ^ 

proving g s G TAut„. Moreover, since a s = A s (a) is analytic in s with oq = 0, wc 
conclude that g s is also analytic in s with g — e. We shall denote the derivative 
of g s with respect to the scaling parameter s by g s . 

Proposition 5.4. Let g G TAut„. Then, u s := gsgj 1 has the property u s — 
s~ 1 A s iiAj 1 , where u = u\. 

Proof. Let I be a derivation of [ie„ defined by the property l(xi) = Xi for all i. Wc 
have, AgAj 1 = s _1 Z, and 

u s = gsg; 1 = s-\l - gslg- 1 ) = s _1 4,(i - glg'^Aj 1 . 
Hence, u = u\ = I — glg^ 1 and u s = s _1 AguAj 1 as required. □ 

Note that u s = s (ai(sxi, SX2, ...),...) is analytic in s with uo given by the 
degree one component of u. For g G TAut„ we denote by k s : TAut n — » toer„ 
the map n s : g i— » u s = s _1 j4 s (Z — g/g -1 )^ 1 , and we put k = k^. Similarly, 
let u G tfler„, set u s = s~ 1 A s uAj 1 and denote by i? s : toer„ — > TAut„ the map 
E s : u i— ► <7 S defined as a unique solution of the ordinary differential equation 
t^gj 1 = u s with initial condition g ~ e. We denote E = E\. 

Proposition 5.5. TTie maps E and k are inverse to each other. 

Proof. Let g G TAut„ and consider u = n(g). Then, u s = s~ 1 A s uAj 1 = n s {g) and 
g s = A s gA~ l is a solution of the ordinary differential equation (ODE) g s = u s g s 
with initial condition go — e. But so does E s (u). Hence, by the uniqueness property 
for solutions of ODEs, we have g = E{u) = E(n(g)). In the other direction, let 
u G tdtx n and consider g = E(u). Then, g s = AggA^ 1 = E s (u) and K s (g) = 
(jsQj 1 = u s . Hence, n(E{u)) = u as required. □ 

Automorphisms A s extend from [ie„ to Ass„ and to tr„. Note that for u G toer„ 
and u s = s^ 1 AsuA^ 1 we have div(u s ) = s~ 1 A s ■ div(u). Similarly, for g G TAut„ 
and g s = A^Aj 1 wc obtain j(g s ) = A s ■ j(g). 

Proposition 5.6. Let g G TAut„ andu = n(g). Then, 

(20) ^M =Us . j(0s)+d ivK). 

as 

Proof. We compute 

j{g q ) = ii.g q g7 1 9s) = jigqg^ 1 ) + (.gg.97 1 ) • j(9s)- 

Taking a derivative with respect to q and putting q = s yields the equation (20), 
as required. □ 
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For g = E(u), equation (20) at s = 1 implies the following relation between j(g) 
and div(u): I ■ j(g) = u ■ j(g) + div(u). By using equation u = I — gig" 1 we obtain 

gig' 1 -j(g) = div(u). 

5.3. The generalized Kashiwara-Vergne problem. The generalized Kashiwara- 
Vergne (KV) problem is the following question: 

Generalized KV problem: Find an element F G TAut2 with the properties 

(21) F(x + y)=ch(x,y), 
and 

(22) j(F) G un(S). 

We shall denote the set of solutions of the generalized KV problem by Sol(KV). 
For any s G K one can introduce rescaled versions of equations (21) and (22) as 
F(x + y) = ch s (x,y) and j(F) G im(S s ). We shall denote the corresponding set of 
solutions by Sol a (KV). For s = 0, Sol (KV) = KV 2 . For all s ^ 0, Sol s (KV) 
Sol(KV) with isomorphism given by the scaling transformation F t-^> F s = AgFAj 1 . 

Proposition 5.7. Let F G Sol(KV) and a G tti. Then, Sa = F ■ (Sa). 
Proof. We have, a = tr(/(x)) for some formal power series /. We compute 

F-(6a) = F.tv(f(x)-f(x + y) + f(y)) 

= tv(f(x)-f(ch(x,y))+f(y)) = ~5a. 

Here we used that F ■ tr(/(x)) = tr(/(x)) and F ■ tr(/(y)) = tr(/(y)) since F acts 
as an inner automorphism on x and as a (different) inner automorphism on y. We 
also used that F ■ tr(f(x + y)) = tr(/(ch(x, y) j) because F(x + y) = ch(x, y). □ 

The fact that Sol(KV) is non empty has been proved in [2]. We shall give an 
alternative proof in the end of the paper. In order to preserve the logic of the 
presentation, we shall not be using the existence of solutions of the KV problem 
until we prove it. 

Theorem 5.1. Assume that Sol(KV) is nonempty. Then, the group KV 2 acts on 
Sol(KV) by multiplications on the right. This action is free and transitive. 

Proof. Let F G Sol(KV) and g G KV 2 . Then, (Fg)(x + y) = F(g(x + yj) = 
F(x + y) = ch(x,y) and j(Fg) = j(F) + F ■ j(g). Note that j(F) G im(<5) and, 
by Proposition 5.3, j(g) G im(S). Hence, F ■ j(g) G im(£) and j(Fg) G im(<5). In 
conclusion, KV 2 acts on the set Sol(KV) by right multiplications. This action is 
free since the multiplication on the right is. 

Let F U F 2 G Sol(KV) and put g = F{ 1 F 2 . We have, g(x+y) = F{ 1 (F 2 (x+y)) = 
F^(ch(x,y)) = x + y and j(g) = j(F^) + Ff 1 • j(F 2 ) - Ff 1 • (j(F 2 ) - m)). 
Since j(F 1 ),j(F 2 ) G im(<5), we have Ff 1 • (j(F 2 ) - j(F 1 )) G im(6) and g G KV 2 . 
Hence, the action of KV 2 on Sol(KV) is transitive. □ 

The Kashiwara-Vergne problem was stated in [13] in somewhat different terms. 
We shall now establish a relation between our approach and the original formulation 
of the KV problem (KV conjecture). 
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Theorem 5.2. An element F £ TAut2 is a solution of the generalized KV problem 
if and only if u = k(F) = (A(x, y),B(x, y)) satisfies the following two properties, 

(23) x + y - ch(y, x) = (1 - exp(- &d x ))A(x, y) + (cxp(ad y ) - l)B(x, y), 
and 

(24) div(u) G im(S). 

Proof. First, we show that equation F(x + y) = ch(x, y) is equivalent to equation 
(d/ds — u s ) ch s (a;, y) = 0. Indeed, we have 

F s (x + y) = A s FA~ 1 (x + y) = s~ 1 A s F(x + y) = s^ 1 A s ch(x, y) = ch s (x,y) 

and 

u s (ch s (x, y)) = FgF^ 1 (ch s (x, y)) = F s (x + y) = ^ (F s (x + y)) - ^^lA. 
In the other direction, 

^ F-\cK{x,y)) = F- 1 (J- n s ) ch s (x,y) = 

implies that F s ~ 1 (ch s (x,y)) is independent of s, and comparison with the value at 
s = gives i 7 " ; T 1 (ch s (a;, y)) = x + y or F s (x + y) = ch s (a;, y). 

A straightforward calculation (see Lemma 3.2 of [13]) shows that equation (d/ ds— 
u s ) ch s (x,y) = is equivalent to (23). 

Finally, we compare equations (22) and (24). Let F £ Sol(KV), j(F) = S(tv(f(x))). 
We compute, 

div(«) = FIF~ 1 -j(F) = FlF- 1 -tr(f(x)-f(ch(x,y)) + f(y)) 
= Fl-tv(f(x)-f(x + y) + f(y)) 
= F ■ tr((j>(x) - <f>(x + y) + <j>(y)) 
= tr((f>(x) - <j>(ch(x, y)) + <f>(y)) £ im(<5), 

where <f> = xf'(x) results from the action of the derivation I : x n i— » nx n . In 
the other direction, assume div(u) £ im(S). Then, for u s — s~ 1 A s uAj 1 we have 
div(w s ) £ im(5 s ). Equation (d/ds — u s )j(F s ) = div(u s ) implies d/ds(F~ 1 -j(F s )) = 
F- 1 ■ div(u s ) £ im((5). Hence, F' 1 ■ j(F s ) £ im(5) and j(F s ) £ im(S s ). □ 

Remark 5.2. Let q be a finite dimensional Lie algebra over K. Then, A,B€ lit2 
define a pair of formal power series onjxg with values in q which satisfy equation 
(23). By applying the adjoint representation to the equation div(u) = 8(4>) we 
obtain an equality in formal power series onjxg with values in K, 

(25) Tr(ad x od x A + ad y od y B) = Tc(4>(x) + <p{y) - </»(ch(x, y))). 

Here (d x A)(z) = dA(x + tz,y)/dt\t=o and (d y B)(z) = dB(x,y + tz)/dt\t=o- Indeed, 
for A £ lit 2 consider U(x,y,z) = dA(x + tz,y)/dt\ t= o £ lits- It has the form 
U = ad a (z) for some a £ Ass 2 . We compute (see equation (5)), 

a = d z ll(x,y,z) = (J^d z A(x + tz,y)j | t=0 = d x A 

showing &d(d x A) = d x A. Similarly, a,d(d y B) = d y B. 
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6. DUFLO FUNCTIONS 

Let F e Sol(KV). Then, j(F) = ti(f(x) - f(ch(x,y)) + f(y)), and div(/t(F)) = 
tr((j>(x) - 4>(c\v(x, y)) + 4>(y)) for /, <f> e x 2 K[[x]]. We shall call /(x) a Duflo function 
of F. In this Section, we describe the set of formal power series which may arise as 
Duflo functions associated to solutions of the KV problem. 

Proposition 6.1. Let u G tt>et2 and assume that it satisfies equations (23) and 
(24) with div(u) = S(ti(<p(x))). Then, the even part of the formal power series <p is 
given by the following formula 

4>even(x) = \ (</>(*) + <f>{~X)) = \ £ ^ x" = \ - 1 + | 

k=2 ' ^ 

where B n are Bernoulli numbers. 

Proof. We follow [3] (see Remark 4.3). Write A(x, y) — a(&d x )y + . . . , B(x, y) = 
bx+(3(&d x )y+. . . , where b E K, a, [3 e K[[x]], and . . . stand for the terms containing 
at least two y's. Replace y i— > sy in equation (23), and compute the first and second 
derivatives in s at s = 0. The first derivative yields 

ad 

y~ ^ r jy=^-e-^)a(M x ) y -b[x,y], 

and we obtain 

_ t t 1 

l-e-* ~ (e*-l)(l-e- t ) + 1 - e"* ' 
Note that elements of [ie2 quadratic in the generator y are in bijection with skew- 
symmetric formal power series in two variables, 

oo oo 

a(u,v) = a *j uV ^ a^l&d x y,&dly] 

i,j—0 o 

The second derivative of (23) gives the following equality in formal power series, 

1 [u + v){e u -e v )-{u-v)(e u+v -1) . -( u +v)s , ■< h , n to ,s ol ss 

2 (e"+"-l)(e"-l)(e"-l) = ^ {U+V) ) a 2(u,v)+-(u-v)+(f3(v)-f3(u)), 

where the left hand side corresponds to the second derivative of the Campbell- 
Hausdorff scries — ch(sy, x), and 0,2(11, v) represents the second derivative of A(x, sy). 
By putting v = —u in the last equation we obtain, 

_ b 1 t 1 e* + 1 

Podd(t) - - 1- - (e t_ 1)(1 _ e _ t) + 4 ^TTT • 

Here (i odd {t) = (f3(t) - /3(-t))/2. 

Finally, consider equation (25) and compute the contribution linear in y (that 
is, of the form tr(/(x)y)) on the left hand side and on the right hand side. Since 
we only control the odd part of the function j3(t), we obtain an equation in odd 
formal power series, 

Podd(t) - Ctodd{t) = -{4>'{t))odd = -{4>even)' [t) 

which implies 

<Peven(t) = ^ [~^TJ ~ 1 + \ 

as required. □ 
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Proposition 6.2. Let F G Sol(KV) and f G x 2 K[[x]} such that j(F) = <5(tr(/(x))). 
Then, the even part of f(x) coincides with the function f eve n(x) = \ ln(e x / 2 — 
e~ x / 2 )/x), and for every odd formal power series f dd(x) — f2k+ix 2k+1 there 

is an element F G Sol(KV) such that j(F) = 5(ti(f even (x) + fodd{x))). 

Proof. Let / and <j> be the power series in j(F) = S(tv(f(x))) and div(w) = 
S(tr((j)(x))) for u = k(F). Then, wc have (see the proof of Theorem 5.2) <j)(s) = 
sf'(s). By Proposition 6.1, we obtain 

, f <f>even(s) J 1^ B k k 1 ( e^-e~^ \ 

f - n = J -^ ds =2^k^. S =2 ln { s J' 

Let F £ Sol(KV) with j(F) = S(tr(f(x))), and g G KV 2 with = ^(tr(/i(x))). 
Then, F 5 G Sol(KV) and 

j(Fg) - + F ■ 3 (g) = 6(tv(f(x) + h(x))). 

Put g — exp(w) for u G and compute = [e u — l)/u ■ div(w) = div(u). 
By choosing u — — Yll^Li ^2fc+i^(c2fe+i) we obtain j(g) — div(u) = S(tr(h(x))) for 
= SfeLi h-2k+ix 2k+1 . Hence, by an appropriate choice of g G KV2, one can 
make the odd part of the linear combination f(x) + h(x) equal to any given odd 
power series without linear term. □ 

Remark 6.1. The group KV2 acts on Sol(KV), and this action descends to the 
space of formal power series x 2 K[[x]] along the map / : Sol(KV) — > .t 2 K[[x]]. In 
Proposition 6.2 we have used this action to change the odd part of f(F). Previously, 
this action (for the Grothendicck-Teichmuller subgroup GRT C KV2) on the Dufio 
functions has been described in [15] (see Theorem 7). 

Proposition 6.3. Let F = cxp(u) G Sol(KV) with u = (a, b) G tt>et2 such that 

a(x,y) = a^y + a(a,d y )x + . . . 
b(x,y) = b x + (3(a,d y )x + . . . , 

where ao,feo G K, a, [3 G sK[[s]], and ... stand for terms which contain at least 
two x. Then, the Dufio function associated to F satisfies equation f = [3 — a. 

Proof. Consider the part of j(F) = tr(f(x) — f(ch(x,y)) + f(y)) linear in the 
generator x. On the one hand, we have 

j(F) x - Un - tr(/(a;) - f(ch(x,y)) + f(y)) x - Un = -tv(f'(y)x). 

On the other hand, we obtain 

/ e u — 1 \ 
j(F) x -i in = div(u) ] = 6xv{u) x -u n . 

V U / x-lin 

Here we used the fact that linear in x terms cannot arise under the action of elements 
of tt>et2 on tt2- Indeed, such a term would be of the form tr(h(y)[x, y]) for some 
formal power series h, and tr(h(y)[x, y]) = tr(h(y)yx — h(y)xy) = 0. 
Finally, we compute 

div(u) x -u n = tr(x(d x a) + y{d y b)) x - Un = tr(xa(y) - (3(y)x) = tr((a(y) - (3(y))x). 
Comparison with the first equation yields f'(y) = (3(y) — a(y), as required. □ 
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In the original formulation of the Kashiwara-Vergne problem the Duflo function 
/ was assumed to be even. 

KV problem: Find an element F G TAut2 such that F(x + y) = ch(x, y) and 

3{F) = I £^2 f# = I ln((e^ 2 - e-^)/x). 

We shall denote the set of solutions of the KV problem by Sol(KV). Note that 
the KV problem is equivalent to finding an element u = (A, B) G t0et2 which 

satisfies equation (23) and the identity div(u) = 5 ^Yl'kLi 

Remark 6.2. The group KV2 acts on Sol(KV) by right multiplications. This 
action is free and transitive. The proof of this statement is completely analogous 
to the proof of Theorem 5.1. 

7. Pentagon equation 

In this Section we establish a relation between the Kashiwara-Vergne problem 
and the pentagon equation introduced in [7]. Let $ € TAut3. We say that $ 
satisfies the pentagon equation if 

(26) $12,3,4$1,2,34 = $1,2,3$1,23,4$2,3,4 

Proposition 7.1. Let F G Sol(KV). Then, 

(27) $ = (F 12 > 3 )- 1 (F h2 )- 1 F 2 - 3 F 1 ' 23 

is an element 0/KV3, and it satisfies the pentagon equation. 
Proof. First, we compute 

<P{x + y + z) = (F 12 - 3 )- 1 ( J F 1 ' 2 )- 1 F 2 ' 3 F 1 ' 23 (a; + y + ^ 
= (F 12 ' 3 )- 1 ^ 1 ' 2 )^ 2 ' 3 ^^, y + z)) 
= (^ 3 )- 1 (F 1 ^)- 1 (ch(x,ch(y,z))) 
= (F 12 ' 3 )- 1 (ch(.T + y,z)) 
= x + y + z. 

Hence, $ G SAut3. Next, we rewrite the defining equation for $ as i^ 1 ' 2 ^ 12 ' 3 ^ = 
F 2 ' 3 F 1,23 and apply the cocycle j to both sides to get 

j(F^ 2 ) + F 1 ' 2 ■ j(F 12 > 3 ) + (F 1 ' 2 ^ 12 ' 3 ) • j($) = j(F 2 > 3 ) + F 2,3 • j(F^ 23 ). 
Since j(F) = tr(f(x) — f(ch(x,y)) + f(y)), we have 

i (^i,2 ) + F i,2. i(j pi2,3 ) = t ,{f{x) + f{y)-f{ C h(x lV ))) 

+ F 1 ' 2 ■ tr(f(x + y)- f(ch(x + y), z) + f(z)) 
= tr(f(x) + f(y) + f(z) - f(ch(ch(x, y), z))) 

Similarly, we obtain 

i(j p2, 3) + F 2,3 . i(F i,2 3) = tr(/(»)-/(ch(y, *)) + /(*)) 

+ F 2 ' 3 • tr(/(z) - f(ch(x, y + zj) + f(y + z)) 
= tr(/(aO + f(y) + f(z) - f(ch(x, ch(y, z)))). 

We conclude (F 1,2 F 12 ' 3 ) • = 0, = and $ G KV 3 . 

The pentagon equation is satisfied by substituting the expression for $ into 
the equation, and by using that for $ G KV3 C SAut 3 we have F 123,4 $ 1,2 ' 3 = 

$1,2,3 ^123,4 and F l,234$2,3,4 = $2,3,4 ^1,234 n 
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Let F\ £ Sol(KV) and $1 be the corresponding solution of the pentagon equa- 
tion. Consider another element F 2 £ Sol(KV). By Theorem 5.1, F 2 = Fxg for some 
g £ KV 2 . The corresponding solution of the pentagon equation reads 

$ 2 = (^ 2 12 ^)- 1 (^ 2 1 ' 2 )- 1 F 2 2 ' 3 ^ 2 1 ' 23 

(28) = ( 9 12 .3 ) -l (F 12,3 ) _ 1(ffl , 2) _ 1(F l,2 ) _ lF 2,3 52 ,3 F 1.23 5 l,23 

= ( 5 12 ' 3 )- 1 (5 1 ' 2 )- 1 $i5 2 'V' 23 - 

Equation (28) defines an action of KV 2 on solutions of the pentagon equation with 
values in KV3. Actions of this type are called Drinfeld twists. 

Proposition 7.2. Let F l7 F 2 £ Sol(KV) and assume that they give rise to the same 
solution $ of the pentagon equation. Then, F 2 = Fx exp(Ai) for some A £ K. 

Proof. First, note that for g = exp(Ai) we have for all <!> £ KV3 

fa 12,3 ) - V ,2 )- 1 *S 2, V' 23 - e- Ac $e Ac = *, 

where c = t 1 ' 2 + t 1 ' 3 + i 2,3 is a central element in sflet3 and in 603. 

The degree one component of ix> 2 is spanned by t, and t is central in to 2 . Hence, 
one can represent g = F 1 ~ 1 F 2 in the form g = exp(Ai) exp(u), where u = Y^k=2 u k S 
h> 2 . Let $ be a solution of the pentagon equation which corresponds to both F\ 
and F 2 . Let ko be the lowest degree such that uu a ^ 0. Then, equation <j> = 
(52 2 ' 3 )~ 1 (52' 2 )~ 1$ fl ,2 ' 3 S' 1 ' 23 implies du ko = 0, and by Theorem 3.1 we have u ko = 
which implies u = and g = exp(Ai), as required. □ 

Proposition 7.3. Let <& = exp(0) £ TAut 2 be a solution of the pentagon equation, 
where <f) = J2T=x ^ ™^ ^fe e tUet3 homogeneous of degree k. Then, <f>x = and 
4>2 = (a[y, z], 0[z,x],'y[x,y]). 

Proof. The degree one component of the pentagon equation reads d</>i = 0. Since 
the degree one component of H 3 (iQex, d) vanishes, we have 4>x = df for a degree 
one element / £ U)cx 2 . However, the degree one component of tflet 2 is spanned 
by r = (0,x) and t = {y,x), and both r and t are in the kernel of d. Hence, 
4>x = 0. This implies that the degree two component of the pentagon equation is 
of the form, d<f> 2 = 0. Then (see the proof of Theorem 3.1), <fi 2 is expressed as 
(a[y, z], f3[z, x],"f[x, y]) for some a, [3, 7 £ K. □ 

Note that H 3 (tdzx, d) is one-dimensional, and the cohomology lies in degree two. 
One can choose the isomorphism H 3 (tdtx, d) = K in such a way that it is represented 
by the map tt : (f> 2 = (a[y,z],(3[z,x],-f[x,y}) ^ a + /3 + 7. 

Proposition 7.4. Let F = exp(u) exp(sr/2) exp(at) £ TAut 2 , where u is an 
element of tdex 2 of degree greater of equal to two. Assume that the expression 
$ = (Fi2,3)-i( F i,2)-i F 2,3 F i^23 ls an dement fKV 3 , and denote tt(0 2 ) = A. 

Then, A = s 2 /8 and F £ Sol»(KV). 

Proof. Note that the degree two component of <fi = ln($) is given by 
^d^ + ^p-V^R^^ 

Here we used the classical Yang-Baxter equation of Proposition 3.2. In conclusion, 
A = ix(4> 2 ) = s 2 /8. 
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Denote x(x, y) — F(x + y) = x + y + |[a;, y] + . . . , where . . . stand for elements 
of degree greater or equal to three. Since <I>(x + y + z) = x + y + z, we have 

X (x, X (y, z)) = F 2 - 3 F^ 23 {x + y + z) = F 1,2 F 12,3 (x + y + z) = X ( X (x, y), z). 

By Proposition 2.1, this implies x{ x ^v) = ch s (x,y). Denote b(x,y) = j(F) G tt2- 
By applying j to the equality F 2 ' 3 F 123 = F^ 2 F 12 ' 3 $ we obtain, 

b(y, z) + F 2 ' 3 ■ b{x, y + z)= b{x, y) + F 1 ' 2 ■ b{x + y, z). 

Equivalently, S s (b) — which implies, by Proposition 2.2, b G im(<5„) and F G 
Sol s (KV). □ 

Theorem 7.1. Let $ G KV3 be a solution of the pentagon equation with 7r(02) = A 
and let s G K be a square root of 8X, s /8 = A. Then, there is a unique element 
F G Sol s (KV) such that F = cxp(u) exp(sr/2) G TAut 2 , where u is an element of 
t£)er 2 of degree greater of equal to two, and $ = (F 12 ^ 3 ) _1 (F 1 ' 2 )- 1 F 2 ' 3 F 1 ' 23 . 

Proof. Our task is to find / = X^fcLi /fe e t5et2 with the degree one component 
/1 = sr/2 such that F = exp(/) solves equation $ = (F 12 ' 3 )- 1 ^ 2 )- 1 ^ 3 ^ 1 ' 23 . 
In degree two, it implies, 

d/2 + y(M>0,0) = &. 

Recall that d</>2 = and 7r(</> 2 ) = A = s 2 /8. Hence, this equation admits a solution, 
and it is unique since d : tc)et 2 — ► t?>et3 has no kernel in degrees greater than one. 

Assume that we found F n G TAut 2 such that $„ = (-F 12 ' 3 ) -1 (F^' 2 )~ 1 F 2 ' 3 F^' 2S 
is equal to <E> modulo terms of degree greater than n. Then, F 2 ' 3 F^' 23 (x + y + z) = 
F^' 2 F^ 2,3 (x + y + z) modulo terms of degree greater than n + 1, and F n (x,y) — 
ch s (x, y) modulo terms of degree greater than n+1. Since F 423 > 4 <I> 4 ' 2 ' 3 = $^' 2 ' 3 F^ 23 - 4 
and F^' 234 <i> 2 ' 3 ' 4 = <& 2 ' 3 ' 4 F^' 234 modulo terms of degree greater than n + 1, sat- 
isfies the pentagon equation modulo terms of degree greater than n+1. Write 
<f>„ = cxp(J2kL 2 V'fe); where ipk = 4>k for k < n and denote tp = <j> n+1 - ip n +i- 
The pentagon equation for $ and the pentagon equation modulo terms of degree 
greater then n+1 for $„ imply dip = 0. Hence, by Theorem 3.1, ip — du for 
a unique element u G t0er 2 of degree n + 1. Put F n+ \ = F„exp(w). It satis- 
fies equation <f> = (F n ^ 1 )~ 1 (F n+1 )~ 1 F n ' +1 F n ' +1 modulo terms of degree greater 
than n+1. By induction, we construct a unique F which solves equation $ = 
(^i2,3)-i(- F i,2j-i F 2,3 F i,23 and hag ^ = sr y 2) as re q U i re d. By Proposition 7.4, 

the element F solves the KV problem, F G Sol s (KV). □ 

Theorem 7.1 implies that the Kashiwara-Vergne problem has solutions if an 
only if the pentagon equation has solutions $ G KV3 with 7r(0 2 ) = 1/8. The next 
proposition provides a tool extracting the Dufio function of an element F G Sol(KV) 
from the corresponding solution of the pentagon equation. 

Proposition 7.5. Let $ = exp(</>) G KV3 be a solution of the pentagon equation 
with 77(^2) = 1/8, and let F G Sol(KV) be a solution of equation (27). Denote 
4> = (A,B,C), and B(x, 0, z) x -u n = h(&d z )x for h G xK[[x]]. Then, the Dufio 
function of F satisfies equation f'(x) = h(x). 
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Proof. Let F = cxp(u) with u = (a,b). Put a(x,y) = aoy + a(a,d y )x + . . . and 
b(x, y) = b$y + I3{&& y )x + . . . . Then, by Proposition 6, the Duflo function associated 
to F is a solution of equation /' = /? — a. 
Denote 

u l _ u \,2 + u i2,3 _ ( a (x,y) + a(x + y, z), b(x, y) + a(x + y, z), b(x + y, z)) 
u r = u 2 ' 3 + u 1 ' 23 = (a(x,y + z),a(y,z) + b(x,y + z),b(y,z) + b(x,y + z)), 

and observe that (j> = ch(— u , u' r ). The contribution of u r — u l in B(x, 0, z) x _n n is 
equal to (3(a,d z )x — a(ad z )a;. Note that the linear in z contributions in both u l and 
u r are of the form (z, z, 0). Since 

[(z, z, 0), (0, h(ad x )x, 0)] - (0, h(ad z )[x, z] + [z, h{ad z )x},0) = 0, 

we conclude that the nonlinear terms in the Campbcll-Hausdorff series ch(— u l , u r ) 
do not contribute in B(x, 0, z) x -u n , and h(x) = (i{x) — a(x). Hence, f'(x) = h(x), 
as required. □ 

8. Z2- SYMMETRY OF THE KV PROBLEM AND HEXAGON EQUATIONS 

In this Section we introduce an involution on r the set of solutions of the gen- 
eralized KV problem, and show that the corresponding solutions of the pentagon 
equation verify a pair of hexagon equations. 

8.1. The automorphism R and the Yang-Baxter equation. Let R G TAut2 
be an automorphism of lit2 defined on generators by R(x) = e~ ad »a;, R(y) = y. 
Note that R = cxp(r) for r = (y, 0) G tflet2, and 

R (ch(y, x)) = ch(y, exp(- &d y )x) = ch(x, y). 

Denote by 9 the inner derivation of [ie2 with generator ch(x, y). That is, for a G lie2 
we have 6(a) = [a, ch(x, y)]. Note that the derivation t = (y,x) G tflet2 is an 
inner derivation of lit 2 with generator x + y. Indeed, t(x) = [x,y] = [x,x + y] and 
t(y) = [y,x] = [y,x + y]. Let F G TAut2 be a solution of the first KV equation, 
F(x + y) = ch(x, y). Then, FtF^ 1 = 6. Indeed, for a G tie2 we have 

FtF-^a) =F([F- 1 (a),x + y]) = [a,F(x + y)} - [a, ch(x, y)} = 6(a). 
Proposition 8.1. RR 21 = exp(6>). 

Proof. Note that R 2 ' x (x) = x and R 2,1 (y) = e~ aAj: y. We compute, 

RR 2l (x) — R(x) = exp(— &d y )x = cxp(— ad(ch(a;, y)))x, 

and 

RR 2A (y) = R(exp(- ad x )y) = exp(- ad(exp(- ad y )x))y = exp(- ch(x, y))y, 
as required. □ 
Proposition 8.2. The element R satisfies the Yang-Baxter equation, 

^1,2^1,3^2,3 _ ^>2,3^>l,3jj>l,2 

Proof. In components, we have R 1 ' 2 = (exp(— ad y ), 1, 1), R 1 ' 3 = (cxp(— ad z ), 1, 1) 
and R 2,3 = (1, exp(— &d z ), 1). One easily computes both the left hand side and 
the right hand side of the Yang-Baxter equation on generators y and z, z z and 
y 1 ► cxp(— a,d z )y. We compute the action of the left hand side on x: 

R 1 ' 2 R 1 ' 3 R 2 ' 3 (x) = R 12 R 13 (x) = R 12 (cxp(- &d z )x) = exp(- ad z ) exp(- ad^ir, 
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and the action of the right hand side, 

= i? 2,3 (exp(— ad y ) exp(— ad z )ai) 
= cxp(— ad z ) exp(— a.d y )x 

which completes the proof. □ 

Proposition 8.3. i? 12 < 3 = R 1 > 3 R 2 > 3 . Let F e TAut 2 be a solution of equation 
F(x + y) = c\i{x, y). Then, F 2 ' 3 i? 1 ' 23 (F 2 ' 3 ) -1 = R 12 R 1 - 3 . 

Proof. For the first equation, note that both sides are represented by the automor- 
phism (exp(— ad z ), exp(— ad z ), 1) e TAut 3 . 

For the second equation, both the left hand side and the right hand side preserve 
generators y and z, y *-^> y, z *-^> z. It remains to compute the action on x: 

F 2 ' 3 R 1 ' 23 (F 2 ' 3 )^ 1 (x) = F 2 > 3 B}> 23 {x) = J F 2 ' 3 (exp(- &A y+z )x) = exp(- ch(y, z))x, 
and the same for the right hand side 

R 1 ' 2 R 1 ' 3 (x) = i? 1,2 (cxp(— ad z )x) = cxp(— ad z ) exp(— a,A y )x = exp(— ch(y, z))x, 
as required. □ 

8.2. Involution on Sol(KV). In this Section we introduce and study a certain 
involution on the set of solutions of the KV problem. 

Proposition 8.4. Let F e Sol(KV). Then, t(F) = RF 2 ' 1 e - t / 2 is a solution of 
the KV problem, t(F) e Sol(KV). The map r is an involution, t 2 = 1. 

Proof. We compute, 

t(F){x + y) = RF^e-^ix + y) = RF 2 '\x + y) = i?(ch(y, x)) = ch{x, y). 
Furthermore, 

jiriF^^jiRF^e-^^R-jiF 2 - 1 ). 

Here we used that div(r) = div(i) = and j{R) = j(exp(-i/2)) = 0. Let / e 
x 2 K[[x]] such that j(F) = tr(/(x) - f(ch(x, y)) + f(y)). Then, .^(F 2,1 ) = tr(f(x) - 
f(ch(y,x)) + f(y)) and R-j(F 2 ^) = tr(/(.x) - f(ch(x,y)) + f{y)) = j(F). Hence, 
t(F) is a solution of the KV problem. 
Finally, 

t 2 (F) = RriFf^e- 1 ' 2 = RR^Fe^ = e^e"* - F, 
where we used i 2 ' 1 = t, RR 21 = exp(6*) and FtF^ 1 = 8. We conclude that t 2 = 1, 
and t defines an involution on Sol(KV). □ 

Proposition 8.5. Let F e Sol(KV) and let $^ be the corresponding solution of 
the pentagon equation. Then, 

^(F) = (<f>| 2 ' 1 )- 1 . 

Proof. We compute, 

$ = et 12 'V2( F 3,21 ) -l (E 12,3 ) -l et 1 'V2( F 2,l ) -l ( ^l,2 ) -l fi 2,3 F 3,2 e - t 2 . 3 /2 i? l,23 F 32,l e - t 1 ' 23 /2 



»T{F) 

= e c/2( jF 3,21)-l( JJ 12,3)-l( j F.2,l)-l( iJ l,2)-l i2 2,3 j p3,2 iJ l,23 j p32,l e -c/2 

= e^F 3 ' 21 )- 1 ^ 2 ' 1 )-^ 2 ' 3 )-^ 1 ' 3 )"^^ 

_ e c/2^3,2lj-1^2,lj-1^3,2^32,l e -c/2 _ e c/2( $ 3,2,l)-l e -c/2 _ ($3,2,1)-1_ 
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Here in passing from the first to the second line we used that g 1,2 /i 12 ' 3 = ft, 12 ' 3 !? 1 ' 2 
for g G SAut 2 , h G TAut 2 , and the definition of the clement c = t 1 ' 2 + t 1 ' 3 +t 2 ' 3 G t3; 
Proposition 8.3 in the passage from the second to the third line; and finally the 
Yang-Baxter equation (Proposition 8.2) and the fact that c is central in {03 in the 
passage from the third to the fourth line. □ 

Proposition 8.6. Let F G Sol(KV) and k(F) = (A(x,y),B(x,y)) G tt>et 2 - Then, 
(29) 

k(t(F)) = (e» d °B(y,x) + ^(ch(x, y) - x), e~ ad « A(y, x) - \{c\i{x,y) - y) 
Proof. We compute, 

«(r(F)) = ?^P±\ s=1 t(F)-i =r+R^\ s = 1 {F 2 +)-'R-'- 1 -RF 2 'H{F 2 +y'R-\ 

where we used that dRgRj 1 = r = (j/,0) G t5et 2 . In the last term, F 2 ' 1 t(F 2 ' 1 )~ 1 
is the inner derivation with generator ch(y,x), and RF 2 ' 1 t(F 2 ' 1 )~ 1 R^ 1 is an inner 
derivation with generator ch(x,y). With our normalization condition, it is repre- 
sented by (ch(x, y) — x, ch(x, y) — y) G t0er 2 . 

Finally, for the middle term Rk(F) 2 ' 1 R~ x we compute, 

R(A, B) 2 ' 1 R- 1 (x) = R{B(y,x),A(y,x))e ad y(x) 

= i?(e ad *[x,B(y,x)] + e ad « [A(y, x), x] - [A(y, x), e ad « (x)}) 

= [x,B{y,x) + {e-^y -l)A(y,x)} 

= [x, e ad -B(y,x) + ch(x,y) - x - y}. 

Here in the passage to the last line we have used equation (23) (with x and y 
exchanged). For the action on y we compute, 

R{A,B) 2 ^R-\y) = R(B(y,x)A(y,x))(y) = R([y,A(y,x)}) = [y, e~ ad M(y, x)}. 

By adding up all three terms we obtain, 

k(t(F)) = (e adx B(y, x) + ch(a;, y) - x - y, e~ ad « A(y, x)) 

+ (j/,0) - l(ch(x,y) - x,ch(x,y) -y) 

= {e aA "B{y,x) + ±(ch(x,y) - x),e- ad yA(y,x) - |(ch(a;, y) - y), 
as required. □ 

Remark 8.1. Symmetry (29) has been introduced in [13] (see discussion after 
Proposition 5.3). 

8.3. Symmetric solutions of the KV problem. 

Definition 8.1. An element F G Sol(KV) is called a symmetric solution of the 
generalized Kashiwara-Vergne conjecture if t(F) = F. 

We shall denote the set of symmetric solutions by Sol T (KV). Since the map 
k : TAut 2 — > t0er 2 is a bijection, t(F) = F if and only if k(t(F)) — n(F). That is, 
k(F) = (A(x,y), B(x,y)) satisfies the (equivalent) linear equations 

A(x, y) = e aA *B{y, x) + ^(ch(x, y) - x) , B(x, y) = e~ ad « A(y, x) - ^(ch(x, y)-y). 

Since equations (23) and (24) are linear in A and B, one can average an arbitrary 
solution to obtain a symmetric solution F with k(F) = (k(F) + k{t(F)))/2. 
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The involution u i— ► u ' acts on the Lie algebra 6t>2, and it lifts to the group 

- — - ^ sym 

KV 2 . We shall denote the corresponding invariant subalgcbra by 6t) 2 C fit)2 and 

sym — - — 

the invariant subgroup by KV 2 C KV2. 

sym - — - 

Proposition 8.7. The group KV 2 acts on the set Soi r (KV) by multiplications 
on the right. This action is free and transitive. 

Proof. Let g e KV^™ and F E Sol r (KV). By Theorem 5.1, Fg e Sol(KV). By 
applying r we obtain 

r(Fg) = RF^g^e" 1 ' 2 = RF^e^^g = r{F)g = Fg. 

Hence, Fg G Sol T (KV). 

Consider two elements F\, F 2 S Sol r (KV). We denote 5 = F^ 1 F 2 and compute 

.g 2 ' 1 = (Ff 1 ^) 2 ' 1 - (i?- 1 F 1 e t / 2 )- 1 (i?- 1 F 2 e t/2 ) - e - t / 2 (Ff 1 F 2 )e t / 2 = e^V 7 * = .g, 
as required. □ 

Remark 8.2. Note that the element t = (y, x) as well as the image of the injection 
v : grt — ► £t>2 is contained in {D 2 . In fact, it is not known whether any non- 
symmetric elements of £t) 2 exist. If correct, Conjecture stated in the end of Section 4 

<~. sym 

would imply tx>2 = t0 2 

Proposition 8.8. Let F G Sol r (KV), and let $ G KV3 be the corresponding 
solution of the pentagon equation. Then, 

(30) $1,2,3^3,2,1 = fi) 

( 31 ) e (t 1 - 3 +t 2 - 3 )/2 = $ 2,l,3 e t 1 ' 3 /2( $ 2,3,l)-l e t 2 ' 3 /2$3,2,l 

and 

(32) e (t 1 - 2 +t 1 - 3 )/2 = ^Zfiyl^/Z^a^/Z^^lyl 

Proof. Equation (30) follows by Proposition 8.5. In order to prove equation (31) 
recall that i? 12 ' 3 = i? 1 ' 3 ^ 2 ' 3 = (cxp(- ad z ), cxp(- ad z ), 1) e TAut 3 . Furthermore, 
this automorphism commutes with g 1 ' 2 for any g € TAut 2 . In particular, we have 
^2,1^12,3(^2,1)-! = ^1,3^2,3 By substituting R = Fe 1 ' 2 {F 2 - 1 ) - 1 we obtain, 

^2,1^12,3(^2,1^-1 = ^.l^l^t^-H 1 ' 3 )^^,^-!^,!-)-^ 

and 



J^l.3^2,3 _ j pl,3 e t 1 ' 3 /2( j p3, 1^-1^2, 3 e t 2 ' J /2( j p3, 2^-1 

_ ^l,3^2,13 e t 1 ' 3 /2(^2,31-)-l(^3,l)-1^2,3 j p23,l e t 2 ' 3 /2(^32,l-)-l(^3,2)-l_ 



A comparison of these two equations yields equation (31). Equation (32) follows by 
applying the (13)-permutation to equation (31) and by using the inversion formula 
(30). □ 

Remark 8.3. Equations (31) and (32) are called as hexagon equations. They were 
first introduced in [7] (see equations (2.14a) and (2.14b)). 
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9. Associators 

In this Section we consider joint solutions of pentagon and hexagon equations 
called associators (with values in the group KV3). We show that Drinfeld's associ- 
ators defined in [7] make part of this set, and we use this fact to give a new proof 
of the KV conjecture. 

9.1. Associators with values in KV3 and Drinfeld's associators. 

Definition 9.1. An element $ G KV3 is an associator if it satisfies the pentagon 
equation (26), hexagon equations (31) and (32) and the inversion property (30). 

Proposition 9.1. Let $ = exp(0) G KV3 be an associator. Then, 7r(0 2 ) = 1/8. 

Proof. The degree two component of the hexagon equation (31) reads 

1 r . 1,3 ,2.3i 1 j2,1,3 /2,3,1 , j.3,2,1 n 
- [t ,t J + (f>2 - 02 +02 = °- 

Note that [i 1 - 3 ,t 2 ' 3 } = ([y, z], [z, x], [x, y\) which implies TrQi 1 ' 3 , i 2 < 3 ]) = 3. Also 
observe that ^((p 2 ,' 3 ' 1 ) = 7r(0 2 ) and ^((/j 2 ,' 1 ' 3 ) = ^(c/) 3 ,' 2 ' 1 ) = — 7r(</> 2 ). We conclude 
that 37r(0 2 ) = 3/8 and 7r(0 2 ) = 1/8, as required. □ 

Proposition 9.2. Let $ = exp(0) G KV3 be a solution of equations (26) and 
(30) with 7r(0 2 ) = 1/8. Then, each F G Sol(KV) which verifies equation (27) is a 
symmetric solution of the KV problem, F G Sol T (KV). 

Proof. Theorem 7.1 implies that equation (27) admits solutions F G Sol(KV). By 
Proposition 8.5, $ T (F) = (^f 2 ' 1 ) 1 = Hence, by Proposition 7.2, t(F) = 

Fexp(At) for some A G K. The degree one component of this equation reads 
r+f 2 ' 1 — 1/2 = fi+Xt. Since /1 = r/2+at for some a € K, we have r+f \ ,1 — /1 = t/2 
and A = 0. In conclusion, t(F) = F, as required. □ 

Recall that by Proposition 3.3 Lie algebras t„ inject into tv n - In particular, t3 
injects into £03, and the corresponding group T3 is a subgroup of KV3. 

Definition 9.2. An associator $ G KV3 is called a Drinfeld's associator if $ G T3. 

Drinfeld's associators can be defined without referring to the Lie algebras t0er„ 
and tx> n since both simplicial and coproduct maps restrict to Lie subalgebras t„ in 
a natural way. In [6] Drinfeld proved the following theorem: 

Theorem 9.1. The set of Drinfeld's associators is non empty. 

This implies the following result: 

Theorem 9.2. The set of symmetric solutions of the KV problem Soi T (KV) is non 
empty. 

Proof. Each Drinfeld's associator $ = cxp(</>) is an associator with values in KV3 
with 7r(</> 2 ) = 1/8. Then, by Theorem 7.1, there is an element F = exp(/) G TAut 2 
with fx = r/2 which solves equation (27). By Proposition 7.4 this automorphism is 
a solution of the KV problem, and by Proposition 9.2 this solution is symmetric. □ 

Remark 9.1. The KV problem has been settled in [2]. The solution is based on 
the Kontsevich deformation quantization scheme [14], and on the earlier work of 
the second author [21]. Theorem 9.2 gives a new proof of the KV conjecture by 
reducing it to the existence theorem for Drinfeld's associators. 
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Proposition 9.3. Let <f> = cxp(0) G T3 be a Drinfeld's associator, and let F G 
Sol(KV) be a solution of the KV problem which satisfies equation (27). Write 
4> = h(a,d t 2,3)t 1,2 + . . . , where h G xK[[x]], and... stand for terms which contain at 
least two generators t • . Then, the Duflo function associated to F satisfies equation 
f{x) = h(x). 

Proof. By putting y = we obtain t 1 ' 2 = (y, x, 0) ^ (0, x, 0) and t 2 ' 3 = (0, z, y) ^ 
(0, z, 0). Hence, 

4>(t l *,1?- 3 ) y=0 = {0,4>(x,z),0). 
In particular, for = (A, B,C), we have B(x,0, z) x -u n — h(a,d z )x. Then, by 
Proposition 7.5, we obtain /'(x) = h(x), as required. □ 

Example 9.1. Consider the Knizhnik-Zamolodchikov associator (with values in 
T 3 ) constructed in Drinfeld. Equation (2.15) of [7] yields the function h(x): 

n=2 v ' 

Note that our associators are obtained by taking an inverse of associators the in 
Drinfeld's paper. The Duflo function corresponding to the Knizhnik-Zamolodchikov 
associator is given by 

/(*) = - V -P- x" = -Lx -infr (i-JL) 

Here 7 is the Euler's constant, and the term ^x/2m cancels the linear part in the 
logarithm of the T-function. Formula for f(x) matches (up to a sign change) the 
expression ln(F nice (x)) in [15]. 

9.2. Actions of the group GRT. Let Lie„ be a group associated to the Lie algebra 
[ie„ (such that a ■ b — ch(a, b)). Then, one can view the Grothendieck-Teichmiillcr 
group GRT as a subset of Lie 2 defined by a number of relations (see Section 5 of 
[7]), and equipped with the new multiplication, 

(hi * G rt h 2 ){x,y) = hi(x,h 2 {x,y)yh^ 1 (x,y))h 2 (x 1 y). 

Remark 9.2. Note that we have chosen to act on the second argument of the 
function h rather than on the first one (as in [7]). 

Let ip G Qti and consider a one parameter subgroup of GRT defined by Vj 
h s = exp GRT (s?/>). Write h t = h t - s *grt h s and differentiate in t at t = s to obtain 

dhs( f' V ^ = i/>(x, h s (x, y)yh s (x, yy 1 )h s (x 1 y). 
as 

This differential equation together with the initial condition h (x,y) = 1 defines 
the exponential function exp GRT in a unique way. 

Proposition 9.4. Let tp G grt, h = exp GRT (i/>) G GRT and g — exp(v(ip)) G KV2. 
Then, 

9 = (ff 12 ' 3 )- 1 ^ 1 ' 2 )- 1 ^'^ 1 ' 23 = h(^ 2 ,t 2 ^) G KV 3 . 

Proof. First, observe that for g G SAut2, g 1 ' 2 commutes with g 12 ' 3 , and g 2 3 com- 
mutes with g 123 . Hence, the maps g >—> g l = g 12 g 12 ' 3 and g 1— > g r — g 2 ' 3 g 1 ' 23 are 
group homomorphisms mapping SAut 2 to SAut 3 . 
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Next, replace ip by sip and consider the derivative in s of g s — (g l s ) 1 g r s : 

d -t - (air 1 (¥ tor)- 1 - * (si)- s: 
= (. 9 i)- i (dKV'))5r 
= G/irw 2 ,* 2 ' 3 )^ 

= V^ 1 ' 2 ,^)" 1 ^ 2 ' 3 ^)- 1 ^ 
= ^(i 1 ' 2 ,^ 2 ' 3 ^)- 1 )^- 

Obviously, .go = e e KV3. We conclude that /i(i 1,2 , £ 2 ' 3 ) and g satisfy the same first 
order linear ordinary differential equation with the same initial condition. Hence, 
they coincide, as required. □ 

The Lie algebra homomorphism v : grt — ► 6o 2 gives rise to a subgroup of KV2 
isomorphic to GRT. The group KV 2 acts on the set of solutions of the KV problem, 
and on the set of associators with values in KV3 (see equation (28)). In [7] (see 
Section 5) Drinfeld defines a free and transitive action of the group GRT on the set 
of associators with values in T 3 . This action is given by the following formula, 

(33) g:^\t^)^^\gt^g-')g, 

where g = exp GRT (-0) e GRT and <3? € T 3 are viewed as elements of the group 
Lie^i 1 ' 2 , i 2,3 ). The following proposition relates these two actions. 

Proposition 9.5. When restricted to the set of Drinfeld 's associators, the action 
of the group GRT on associators with values in KV 3 coincides with the canonical 
action (33). 

Proof. Let g <E KV 2 and rewrite the action (28) on $(i 1,2 ,i 2 ' 3 ) e T 3 as follows, 

-I--'/ ( ff i2 < 3 r V'T^^'V-V'V' 23 = <ff l2 .;/' 2:i '/ ; )'/. 

for g = (.g 12 ' 3 )^ 1 ^ 1 ' 2 )" 1 ^ 2 ' 3 ^ 1 ' 23 . Let V G flrt and g = exp(z/(V))- Thcn ; h Y 
Proposition 9.4 we have g — (exp GRT (^))(t 1 ' 2 , t 2 ' 3 ), and the action (28) coincides 
with the canonical action (33). □ 

Remark 9.3. If Conjecture of Section 4 is correct, we have KV2 = Kt x z/(GRT), 

where the additive group Kt injects into KV2 via the exponential map, At 

— s v rn 

exp(At). In particular, this implies KV2 = KV 2 since both Kt and i^(GRT) 

sym 

are contained in KV 2 . Note that the action of Kt on associators is trivial, and 
the action of GRT on the set of Drinfcld's associators is transitive. The action of 

sym 

KV 2 on associators with values KV3 is also transitive, and we conclude that all 
associators with values in KV3 are Drinfeld's associators. 

Remark 9.4. For Drinfeld's associators, Furusho [12] showed that the hexagon 
equations (31), (32) and the inversion property (30) follow from the pentagon equa- 
tion and the normalization condition 7r(0 2 ) = 1/8. In the case of associators with 
values in KV3, Proposition 9.2 shows that the hexagon equations (31), (32) follow 
from the pentagon equation, the inversion property and the normalization condi- 

— — —sym 

tion 7r(</> 2 ) = 1/8. If we assumed KV 2 = KV 2 , the inversion property would 
be automatic, and we would get the analogue of Furusho's result for associators 
with values in KV3. If Conjecture of Section 4 holds true, we recover the Furusho's 
result. 
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Appendix: proof of Proposition 4.2 

In this Appendix we give a proof of Proposition 4.2. It is inspired by the proof 
of Proposition 5.7 in [7]. 

Denote d^f = (a, b, c). We have, 

a = —ip(—x — y,x)+ip(—x — y — z,x)—ip(—x — y — z,x + y), 

b = -tp(-x - y,y) + tp(-x - y - z, y + z) - ip(-x - y - z, x + y) + ip(-y - z,y), 

c = ip(-x - y - z,y + z) - ip(-x - y - z,z) + ip(-y - z,z). 

Let be the semi-direct sum of t0et3 and Ke 3 . The following formulas define an 
injective Lie algebra homomorphism of t4 to g: 

t 1 ' 2 i-> (y,x,0) G tt)er 3 , t 1 ' 3 ^ (z, 0, x) G tt>et 3 , t 2 - 3 ^ (0, z, y) G t0er 3 , 
t 1A ^xelie 3 , t 2A i-> y G lie 3 , i 3 - 4 z G tte 3 . 

Indeed, t 1 ' 2 ,* 1 ' 3 and i 2,3 span a Lie subalgebra of tflet 3 isomorphic to t 3 , and x,y 
and z span an ideal of isomorphic to a free Lie algebra with three generators. It 
remains to check the Lie brackets between generators of these two Lie subalgebras. 
For instance, we compute, 

[t 1 - 2 , t 3 ' 4 ] = t^(z) = 0, [t 1 - 2 , t 2 ' 4 ] = i 1 ' 2 ^) = [y, x] = [t 2 -\ t 1 ' 4 }, 

as required. 

Note that (d^)(x) is the image of the following element of U, 

[t 1 - 4 , -V(-i 1,4 - i 2 ' 4 , t 1 ' 4 ) + V(-* M - t 2 ' 4 - t 3 ' 4 , t 1 - 4 ) 

- ^(_tM_t2.4_ t 3.4 >t l,4 + t 2,4 ) ] 

= [t 1 - 4 , -V^ 1 ' 2 , i 1 ' 4 ) + ^(t 1 ' 2 + t 1,3 + t 2 ' 3 , t 1 ' 4 ) - i/>(^ 2 + t 1 ' 3 + i 2 ' 3 , i 1 ' 4 + i 2 ' 4 )] 

= [t 1 - 4 , -VC* 1 ' 2 , i 1 ' 4 ) + ^(t 1 ' 2 + t 1 - 3 , i 1 - 4 ) - ^(t 1 ' 3 + t 2 < 3 , t 1 ' 4 + t 2 < 4 )] 

= [i 1 ' 4 , -7/-(i 2 ' 3 , i 1 ' 2 + t 2 - 4 ) + V(t 2 ' 3 , t 1,2 )] 

= [t 1 ' 4 , V(t 2 ' 3 , t 1,2 )] = [^(t 1>2 , t 2 ' 3 ), t 1,4 ]. 

Here in passing from the first to the second line we used the properties of central 
elements in t 3 and U. For instance, t 1 ' 2 + t 1 ' 4 + t 2 - 4 is central in the Lie subalgebra 
(isomorphic to t 3 ) spanned by t 1 ' 2 , t 1 ' 4 and i 2,4 . In the passage from the second to 
the third line we used the defining relations of the Lie algebra t4. For instance, in 
the second term we used that t 2 ' 3 has a vanishing bracket with t 1 ' 4 and t 1 ' 2 + t 1 ' 3 . 
In the passage from the second to the third line we used a (3214) permutation of 
the equation (15). Finally, in the last passage we again used the defining relations 
of U, and in particular the fact that t 1 ' 4 has a vanishing bracket with t 2 ' 3 and with 
t 1 ' 2 + t 2 > 4 . In conclusion, we have 

d*(a;) =^{t 1 ' 2 ,t 2 ' 3 )(x). 

Similarly, (d^)(y) is the image of the following element, 

[t 2 - 4 , -^{-t 1 - 4 - t 2 ' 4 , t 2 - 4 ) + iPi-t 1 ' 4 - t 2 > 4 - i 3 ' 4 , t 2 < 4 + i 3 < 4 ) 

- VM M - t 2A - t 3 < 4 , t 1 - 4 + t 2 - 4 ) + V(-i 2 ' 4 - t 3 ' 4 , t 2 > 4 )} 
= [t 2 - 4 , -^{t 1 ' 2 , t 2 ' 4 ) + V(* 1,2 + t 1 ' 3 + t 2 < 3 ,t 2 > 4 + t 3 ' 4 ) 

- V(* 1,2 + t 1,3 + * 2 ' 3 , t 1 ' 4 + t 2 - 4 ) + iPit 2 * 3 , t 2 > 4 )] 

= [t 2 < 4 , -^ 3 , t 1 - 2 + t 1 ' 4 ) + ^(t 1 ' 3 , t 1 ' 2 ) + ^(t 1 ' 3 , t 2 ' 3 + i 3 ' 4 ) - ^(t 1 ' 3 , t 2 ' 3 )] 

= [t 2 < 4 , -V(* 1,3 , t 1 - 2 + 1 1 ' 4 ) + ^(t 1 ' 3 , t 2 ' 3 + t 3A ) - ^(t 1 - 2 ,^ 3 )} 

= m^ 2 ,t 2 ' 3 ),t 2 ' 4 }. 
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Here we used the (1324) and (3124) permutations of equation (15) as well as equa- 
tion (14) which implies ipit 1 ' 2 , i 2 < 3 ) = ipit 1 ' 2 , i 1 ' 3 ) + ^(t 1 ' 3 , i 2 ' 3 ). Again, the conclu- 
sion is 

cM(y) = i>(t 1 > 2 ,t 2 > 3 )(y). 
Finally, we represent (d\P)(z) as the image of the element 

[t 3 - 4 , iPi-t 1 ' 4 - t 2 - 4 - t 3 - 4 , t 2 ' 4 + t 3 - 4 ) - iPi-t 1 - 4 - t 2 - 4 - t 3 < 4 , t 3 > 4 ) 
+ V(-i 2,4 -i 3,4 ,i 3 ' 4 )] 

= [t 3 ' 4 , ^(t 1 - 2 + t 1 ' 3 + t 2 > 3 , t 2 < 4 + t 3 > 4 ) - V>(* 1,2 + 1 1 ' 3 + t 2 < 3 , t 3 ' 4 ) + ib(t 2 ' 3 , i 3 < 4 )] 
= [t 3 < 4 , v^ 1 - 2 + 1 1 - 3 , t 2 ' 4 + t 3 - 4 ) - V>(* 1,3 + 1 2 ' 3 , t 3 - 4 ) + i,(t 2 ' 3 , t 3 - 4 )} 

= \t 3 - 4 , -t/^ 1 ' 2 , t 2 ' 3 ) + v^ 1 ' 2 , t 2 ' 3 + 1 2 ' 4 )] = m h2 , ^ 3 ), t 3 ' 4 ], 

where we used the equation (15) (no permutation needed). We conclude 

d*(z) = ^(^ 2 ,^ 3 )(z), 
and d* = tpit 1 ' 2 , t 2 ' 3 ), as required. 
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